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ABSTRACT

The emerging study of integrating information theory and control systems theory has at-
tracted considerable attention by researchers, mainly motivated by the problems of control
under communication constraints, feedback communication, and networked systems. Since in
most problems, estimation interacts with communication and control in various ways and can-
not be studied isolatedly, it is natural to investigate systems from the perspective of unifying
communication, estimation, and control.

This thesis is the first work to advocate such a perspective. To make matters concrete,
we focus on communication systems over Gaussian channels with feedback. For some of these
channels, their fundamental limits for communication have been studied using information
theoretic methods and control-oriented methods but remain open after several decades of
research. In this thesis, we address the problems of identifying and achieving the fundamental
limits for these Gaussian channels with feedback by applying the unifying perspective.

We establish a general equivalence among feedback communication, estimation, and feed-
back stabilization over the same Gaussian channels. As a consequence, we see that the infor-
mation transmission (communication), information processing (estimation), and information
utilization (control), seemingly different and usually separately treated, are in fact three sides
of the same entity. We then reveal that the fundamental limitations in feedback communica-
tion, estimation, and control coincide: The achievable communication rates in the feedback
communication problems can be alternatively given by the decay rates of the Cramer-Rao
bounds (CRB) in the associated estimation problems or by the Bode sensitivity integrals in
the associated control problems. Utilizing the general equivalence, we design optimal feed-
back communication schemes based on the celebrated Kalman filtering algorithm; these are
the first deterministic, optimal feedback communication schemes for these channels (except for
the degenerated AWGN case). These schemes also extend the Schalkwijk-Kailath (SK) coding

scheme and inherit its useful features, such as reduced coding complexity and improved perfor-
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mance. Though for different types of channels, these generalizations are along different lines,
they all admit a common interpretation in terms of Kalman filtering of appropriate forms.
Thus, we consider that Kalman filtering, the estimation side, acts like the unifier for various
problems.

In addition, we show the optimality of the Kalman filtering in the sense of information
transmission, a supplement to the optimality of Kalman filtering in the sense of information
processing proposed by Mitter and Newton. We also obtain a new formula connecting the
mutual information in the feedback communication system and the minimum mean-squared
error (MMSE) in the associated estimation problem, a supplement to a fundamental relation
between mutual information and MMSE proposed by Guo, Shamai, and Verdu.

To summarize, this thesis demonstrates that the new perspective plays a significant role in
gaining new insights and new results in studying Gaussian feedback communication problems.
We anticipate that the perspective and the approaches developed in this thesis could be ex-
tended to more general scenarios and helpful in building a theoretically and practically sound

paradigm that unifies information, estimation, and control.



CHAPTER 1. INTRODUCTION

1.1 Background and motivation

The rapid growth of communication networks opens up new scenarios and possibilities of
applications of communication systems in feedback loops and of feedback in communication
systems. Examples of practical significance of control over networks include multiple vehicle
coordination, air-traffic control, and Micro-Electro-Mechanical Systems (MEMS). In these ap-
plications, the control performance is fundamentally limited by the underlying communication
networks. The traditional approach of separating the control and the communication problems
is inefficient, since it leads either to low utilization of the channels or to control performance
degradation due to unnecessary extra coding and decoding delays. Moreover, channels in
feedback loops allow us to take advantage of feedback from the decoders to the encoders to
drastically reduce the coding complexity and to improve the communication performance.

These considerations have motivated the study of integrated communication and control.
This study has two main areas of research. The first focuses on the effect of feedback in
communication systems. The simplest case consists of one feedforward channel with a noiseless
feedback link from the decoder to encoder, whose study dated back to Shannon [109] and were
extensively addressed in [107, 106, 110, 17] and references in the subsequent chapter.

The second considers how the presence of communication channels in the loops affects the
control performance and looks for characterizing the requirements imposed on the communica-
tion system by the desired performance objective. A great deal of fundamental understanding,
highlighted next, has been drawn from characterizing the minimum transmission rate necessary
for stabilization for different channel models [132, 133, 4, 113, 87, 32]; very recently however
there has been a flurry of papers addressing control performance mostly in the linear quadratic
Gaussian (LQG) settings [119, 78, 76]. The channel model is often assumed to be noiseless

and without delay but with fixed rate. Due to its simplicity and its strictly positive zero-error



capacity, this model eliminates both the need for channel coding and the tradeoff between
communication delays and probability of error. This facilitates the analysis of the effect due
to finite rate communication and leads to interesting results.

When one considers channels which are not error free, like the binary erasure, binary sym-
metric, and Gaussian channels, the feedback systems become stochastic systems, and the main
finding is that different notions of stochastic stability require different notions of reliable deliv-
ery of information through the loop [102, 104]. While the Shannon notion is still appropriate
for the “almost sure” stability of the closed loop [117], it is no longer adequate to capture the
moment stability [102, 104]. The moment stability requires the anytime capacity, a notion of
reliable communication stronger than Shannon’s notion but weaker than the zero-error one. An
important and often overlooked consequence is that while two channels with the same Shan-
non capacity are equivalent and interchangeable from an information transmission viewpoint,
they are not equivalent when used in feedback loops, in the sense that the may not stabilize
the moments of the same plants. Unfortunately a mutual information like characterization of
anytime capacity is not yet known.

[28] bridges the gap between the two main areas of research by investigating the Gaussian
channels in loops. Feedback control and feedback communication over Gaussian channels were
shown to be equivalent, and control-oriented approach to study feedback communication was
developed. Since the anytime limitations do not arise in Gaussian channels, the analysis is
facilitated since it can rely on the classical information theory concepts of Shannon capacity
and mutual information (or directed information in feedback settings, as shown in [113]).

Despite the important progresses shown above and summarized in Chapter 2 in more
details, the effect of feedback in communication systems is not completely characterized for
most of the channels, including the least limiting case of Gaussian channels. Other than
the degenerated case of additive white Gaussian noise (AWGN) channel with feedback, a
communication scheme that optimally utilizes the feedback is not available to any single-input
single-output (SISO) Gaussian channels with feedback.

Hence, in this thesis, our efforts will be concentrated on the benchmark problems of iden-
tifying and achieving the fundamental limits (i.e. the Shannon capacity) for several types of

Gaussian channels with feedback.



1.1.1 Approach

The approach that we will apply is mainly an extension of the control-oriented approach
proposed in [28], and it completes the existing picture of communication and control with
estimation. Estimation interacts with information theory or control theory in various ways and
cannot be studied isolatedly. Hence, it is natural to study the feedback communication problem
from the unifying perspective encompassing communication, estimation, and control. Note
that however, current focuses in many researches of channels in loop are the interplay between
communication and control; though estimation is sometimes employed in those researches, its
significance has not been completely realized. This thesis is the first work to propose the
unifying perspective and to uncover its significance. We remark that this perspective may
eventually lead to a paradigm synthesizing communication, estimation, and control, which can
be used to address many problems of channels in loops.

More specifically, we will proceed as follows. First, we identify the connections of feedback
communication, estimation, and feedback control for Gaussian channels, and second, we utilize
such connections to address the optimality and fundamental limitations for the feedback com-
munication problems. This approach is shown to be rather powerful in solving the benchmark

problems, and the main findings are listed in the next section.

1.2 Main results

The main results are stated informally as follows.

Result 1 (General equivalence among feedback communication, estimation, and control).
There is a general equivalence among a feedback communication system over a Gaussian chan-
nel, an estimation system (i.e. a Kalman filtering system) over the same channel, and a control

system (i.e. a minimum-energy control (MEC) system) over the same channel.

As a consequence, we see that the information transmission (communication), information
processing (estimation), and information utilization (cohtrol), seemingly different and usually
separately treated, are in fact three sides of the same entity.

This result is an extension of those linking feedback communication and feedback control
given by Sahai and Mitter [102, 104] and Elia [28]. Here the SISO Gaussian channels include: 1)
AWGN channels with feedback, 2) frequency-selective fading Gaussian channels with feedback,



where the fading is modeled as a finite-dimensional system, ! 3) time-selective fading Gaussian
channels with feedback and channel state information (CSI), and 4) “writing on dirty paper”-
(WDP-) Gaussian channels with feedback and with frequency-selective fading. The precise
meaning of the equivalence will be discussed in latter chapters. The feedback used in the
communication systems are assumed to be noiseless, a typical and ideal assumption for feedback
communication with limitation pointed out in Section 2.2.5.

Since the three types of systems are equivalent, it holds that their fundamental limitations
are essentially the same. Note that in the feedback communication system, the fundamental
limitation is the achievable rate: There exists a critical value for the signalling rate, above
which reliable communication is not achievable and below which reliable communication is
achievable. In the (recursive) estimation system, the fundamental limitation is the decay rate
of Cramer-Rao bounds (CRB): Whatever estimator one may design, the decay rate of mean-
squared error (MSE) cannot be made larger than the decay rate of CRB. In the control system,
the fundamental limitation is the Bode sensitivity integral: No matter how one designs the
controller, the sensitivity integral cannot be made smaller than a constant determined by how

unstable the plant is. Our result states

Result 2 (Agreement of fundamental limitations). The fundamental limitations in the three
systems agree. That is, the achievable rate in the feedback communication system equals half
of the decay rate of CRB in the estimation system, and equals the Bode sensitivity integral in

the control system.

This result is an extension of the agreement of fundamental limitations between feedback
communication and feedback control given by Elia [28]. The obtained relation between the
achievable rate and CRB can be translated into the relation between mutual information and
minimum MSE (MMSE), which is a supplement to that obtained by Guo, Shamai, and Verdu
in [61]. In loose terms, [51] says that the increasing rate of mutual information w.r.t. the
channel parameter SNR is equal to half of the MMSE, whereas here it says that the increasing
rate of mutual information w.r.t. time is equal to half of the decreasing rate of the MMSE.

Connections between these two results are under current investigation.

!By Gaussian channels with memory, researchers normally mean the SISO frequency-selective Gaussian
channels, although time-selective Gaussian channels may also have memory; see Section 4.2 for precise definition.
These channels are sometimes also referred to as general Gaussian channels (in contrast to the AWGN channels),
or even simply as Gaussian channels.



The equivalence given in Result 1 also helps us to construct the optimal feedback commu-

nication schemes.

Result 3 (Optimal feedback communication schemes). The optimality in the three systems
coincides, based on which optimal feedback communication schemes can be constructed. The
structures of the optimal schemes are given by a simple transform of the Kalman filtering
systems, and the parameters of the optimal schemes are given by closed-form expressions or by

the solutions to finite-dimensional optimization problems.

The proposed optimal communication schemes are the first deterministic, optimal commu-
nication schemes for these Gaussian channels with feedback (except for the AWGN case). We
note that, in our optimal feedback communication schemes, the encoding can be seen as a
control problem, and the decoding can be seen as an estimation problem, confirming the claim
by Mitter [81].

The presence of Kalman filtering in the optimal feedback communication schemes leads to

the information theoretic interpretation of Kalman filtering.

Result 4 (Information theoretic characterization of Kalman filtering). The Kalman filtering
for an unstable process driven by its initial condition, when put in an appropriate form, is
optimal in information transmission. The one-step prediction operation in Kalman filtering
leads to minimization of the channel input power, and the smoothing operation in Kalman

filtering leads to optimal recovery of the transmitted message.

Another way of saying this is that the optimal feedback communication systems have to
implement the Kalman filtering algorithm. The optimality of Kalman filtering in the sense of
information transmission is a complement to the existing characterization that Kalman filter
is optimal in the sense of information processing established by Mitter and Newton in [83].
Note that in [83], a Kalman filter for a stable process was studied, whereas here a Kalman filter
for an unstable process is studied. This result also completely characterizes the role of Kalman
filtering in feedback communication systems, a step further than Yang, Kavcic, and Tatikonda,
who identified only the role of Kalman filter as a sufficient statistics generator [136]. It is also
interesting to notice that, though the optimal coding schemes are along different directions

for different classes of channels, all these schemes can be universally interpreted in terms of



Kalman filtering of appropriate forms. Thus, we consider that Kalman filtering acts as a
“unifier” for communication schemes over various channels.

To summarize, we develop a new perspective of unifying information, estimation, and con-
trol for the study of Gaussian channels with feedback. The introduction of the new ingredient,
namely estimation, plays an important part and provides new insights and new results to the

study of feedback communication problems, estimation problems, and control problems.

1.3 Thesis outline
We provide an outline and a summary of contributions for each chapter as follows.

Chapter 1 In this chapter we introduce briefly the motivation of the perspective that unifies
communication, estimation, and control; identify the problem we wish to address and

describe the main results; and outline the thesis.

Chapter 2 In this chapter we review the relevant literature, mainly including the study of

control under communication constraints and the study of feedback information theory.

Chapter 3 In this chapter we study the AWGN channels with feedback. We present a simple
motivating observation of the Kalman filtering problem; obtain a Kalman filter based
optimal coding scheme; establish the equivalence of information, estimation, and control
over this channel; and prove that the fundamental limitations in information, estimation,

and control coincide.

The main contribution in this chapter is that, we provide new insights to a problem that
has been extensively studied in the past forty years, and the new insight gives us new
results, i.e. Results 1 - 4, stated for AWGN channels with feedback. None of these results
has been found before. These new insights say that the optimal coding scheme can be
obtained from the Kalman filtering system, and the joint study of the feedback coding

problem, Kalman filtering problem, and control problem is useful.

We also show that the celebrated Schalkwijk-Kailath (SK) coding scheme is nothing but
a simple transform of Kalman filtering, an interesting connection that has never been

identified before. Besides, we rediscover the coding scheme studied by Gallager [43],



which, unlike other popular coding schemes, is numerically stable but has received little

attention in the literature.

Chapter 4 In this chapter we study the frequency-selective Gaussian channels with feedback.
We start from finite-horizon analysis. We transform the renowned Cover-Pombra (CP)
coding structure (cf. [17]) into a new form, from which we conclude that it has to
include a Kalman filter in order to minimize the channel input power. We next rewrite
the Kalman filter based coding structure as an estimation system and a control system,
and rewrite mutual information in terms of estimation system quantities and control
system quantities. We then show that this coding structure in finite-horizon reaches a
steady-state as the horizon length increases, and hence the (asymptotic) information rate
for the communication system can be represented as half of the decay rate of CRB for
the associated estimation system and as the Bode sensitivity integral of the associated
control system. Finally, we show that the limiting steady-state feedback communication
system of finite-dimension can achieve the feedback capacity, and the construction of the

optimal system amounts to solving a finite-dimensional optimization problem.

In this chapter, we obtain Results 1 - 4 for frequency-selective fading Gaussian channels
with feedback. The obtained optimal coding scheme based on the celebrated Kalman
filtering algorithm is the first solution to such channels, after tens of years of search.
Compared with existing results in the literature, our coding scheme is a refinement and
extension of the CP coding structure, that is, we show that the CP coding structure
essentially contains a Kalman filter; it is an extension of the SK codes and inherits their
nice properties of reduced coding complexity and improved performance; and it is also a
simplification of the optimal signalling strategy proposed by Yang, Kavcic, and Tatikonda
[136]. For the first time, all the major research directions for Gaussian channels with
memory are shown to be connected (through Kalman filtering), including the SK codes
and their extensions, the CP structures and their extensions, the control-oriented schemes

studied by Tatikonda, Mitter, Sahai, Elia, Yang, and Kavcic.

Chapter 5 In this chapter we study the time-selective fading Gaussian channels with CSI
and output feedback. We present a feedback communication structure, motivated by an

estimation problem or a control problem; specify the parameters for this structure, using



closed-form expressions in terms of known channel parameters and the optimal power
allocation functions; and prove that this structure with these parameters achieves the

feedback capacity and doubly exponential decay of probability of error.

One of our contributions is that, the proposed coding scheme was the first capacity-
achieving coding scheme over any SISO Gaussian channel (other than the AWGN case)
in the literature [74], dated even earlier than the schemes proposed in Chapters 4 and
6. It extends the SK coding scheme for an AWGN channel with feedback along another
important direction, namely to adapt to the channel variations. Though the channel
variations in general lead to difficulties due to the anytime limitation, assuming the
knowledge about the channel variations and adapting to them eliminate the anytime
limitation in our case. However, due to the delay in the feedback, the multiplexing
strategy used in feedforward communication (which is an adaptive strategy) does not
apply to the feedback case directly, and we develop the technique of state augmentation
to resolve this issue, motivated by the study of the associated control system. Hence,
our scheme may be viewed as a non-trivial combination of the SK coding scheme for
an AWGN channel with feedback and the feedforward multiplexing coding scheme for a
fading channel [47]. These two techniques, namely adaptation and state augmentation,
leads to the optimality of the proposed coding scheme, and may be the key techniques
to study any feedback channels with known time-variations and delays. We show that
the control theoretic equivalence of the optimal coding scheme is a Markov jump linear
system, which has significant theoretic and practical values and has been a focus in
systems and control community; see e.g. [15]. This connection may be useful for studying

other fading channels with feedback.

Chapter 6 In this chapter we study fhe WDP-channels with feedback, which we call writing
on dirty paper with feedback. In such a setting, there is an interference sequence known
to the encoder non-causally but unknown to the decoder. We construct coding schemes
to achieve the feedback capacity of AWGN WDP-channels and Gaussian WDP-channels
with memory, in which the interference is canceled without incurring any rate loss or extra
power overhead, in other words, we achieve lossless interference cancelation for these
channels. We also demonstrate close connections among communication, estimation,

and control.



This is the first study of the WDP problem with feedback, and it demonstrates how
feedback can be helpful in WDP problems: Feedback still has the power of greatly
reducing coding complexity and coding delay in WDP settings. We show that the optimal
dirty paper coding scheme involves a Kalman filtering problem in which there is a process
noise known to both the process and the estimator. We develop useful techniques to cope
with the presence of interference, and the techniques may be readily applied to more
general WDP problems. Since the dirty paper coding study has been considered to be a
basic building block in both single-user and multiuser communication problems [38], we
envision that our study on the feedback case generates a new avenue for studying many

feedback communication problems.

Chapter 7 In this chapter we conclude the thesis and present some interesting directions that

will be the subjects of our future research work.

Notations: We represent time indices by subscripts, such as y;. We denote by 37 the
collection {y0,%1, '+, yr} 2, and {y} the sequence {y:}2,. We assume that the starting
time of all processes is 0, consistent with the convention in dynamical systems but different
from the information theory literature. We use h(z) for the differential entropy of the random
variable z. For a random vector y, we denote its covariance matrix as KZST). For a stationary
process {y:}, we denote its power spectrum as S,(e/2™%), and its entropy rate as h(y). We
denote Ty (z) as the transfer function from z to y. We denote “defined to be” as “:=”. We
use (4, B, C, D) to represent the finite-dimensional linear time-invariant (FDLTI) system

Ty = Az + Bug (11)

Yt = Cz; + Duy.

In the following chapters, by feedback in a communication system, we mean the output
feedback, namely the feedback of the channel outputs or the feedback of some functions of

the channel outputs, unless otherwise specified.

2The notation y7 should not be confused with the Tth power of y. The meaning of the superscript notation
is clear from the context: y” is the Tth power of y if ¥ is a scalar, and y¥ denotes a vector if a scalar y is not
defined but a collection of scalars o, y1,..., yr is defined.
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CHAPTER 2. LITERATURE REVIEW FOR THE JOINT STUDY OF
INFORMATION, ESTIMATION, AND CONTROL

In this chapter, we review the existing literature. Due to the rapid growth of the literature,
we feel that a survey of results scattered in the literature is necessary and useful. Due to
the same reason, our review is by no means complete or comprehensive. In Section 2.1, we
review control with limited information. In Section 2.2, we review feedback information theory.
We remark that these two are sometimes not differentiable. Some other relevant literature is

included in Section 2.3.

2.1 Literature review for control with limited information

Control with limited information has two important features, among others. One is that
information needs to be quantized to allow digital communication and processing, the other
is that information has to go through channels with uncertainties (e.g. noise, fading, shadow-
ing, etc.). We describe briefly the quantized control systems and control over channels with

uncertainties below. .

2.1.1 Quantized control systems

In control systems with digital communication channels, the effect of information quan-
tization is taken into consideration in control systems design, resulting in quantized control
systems. In contrast to a conventional control system which assumes that information is trans-
mitted and processed without any cost or limitation, for a quantized control system, the cost
or the limitation of information transmission/processing are explicitly considered as follows.
The measurements of the plant and/or control inputs have to go through finite-capacity dig-
italized communication channels and hence are quantized to finite precision; in addition, in

many situations, these signals are transmitted and processed only intermittently (namely, they
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are transmitted and processed only if a change occurs). Therefore, quantized controller usually
generates piecewise constant control inputs and are event-driven systems.

Delchamps showed that the closed-loop behavior resulting from quantization of measure-
ments is quite different (and much more complicated) than that resulting from approximation
of measurements [19]. In [3] Brockett proposed the minimum attention control which uses
piecewise constant control and takes into account of the “attention cost” measuring the over-
head for information transmitting and processing. In [132, 133] Wong and Brockett addressed
the problems of state estimation and feedback stabilization with finite bandwidth communi-
cation constraints. In [1] Borkar and Mitter introduced communication constraints to linear
quadratic Gaussian (LQG) control problems. Nair and Evans studied state estimation via a
capacity-limited communication channel [86]. These original papers have motivated a lot of
research work; see for example [4, 70, 32, 25, 39, 55, 42, 69, 77, 87, 22, 72, 118, 117, 119, 88].

Coarser quantization implies that less information flows between the controller and the
plant. Therefore, the minimum quantization density that stabilizes an unstable plant is of
interest: It can be used to measure the minimum information needed for stabilization, and it
codifies how difficult a system can be controlled. In [32] Elia and Mitter devised the quantizer
with minimum density for stabilizing a discrete-time linear time-invariant (LTI) single-input
plant that is open-loop unstable. The quantizer design was shown to be an MEC problem, and

the minimum density p is
_DI-1

2.1
P=DI+1 (21)
depending only on the degree of instability
. m
DI =[] Augl, (2.2)
i=1

where A, ; are the unstable poles of the system. This implies that if the plant is more unstable,
then more information is needed for accomplishing the stabilization task. Later, the minimum-
density quantizer design was obtained for multi-input plants [25], for nonlinear plants [71, 72],
and for control with performance requirements [24].

Another measure of how much information is needed for stabilization is the minimum bit-
rate between the stabilizing quantized controller and the unstable plant. Tatikonda [113] and

Nair and Evans [87] provided the minimum bit-rate for stabilizing an unstable linear plant.
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Like the previous case, the minimum bit-rate R depends only on the degree of instability,

namely

R =log DI. (2.3)

Similar results hold for state estimation. Since the bit-rate is directly linked to mutual informa-
tion and entropy, one may attempt to link this result to the (generalized Kolmogorov) entropy
generated by the plant. Nair et al showed that such an unstable plant generates entropy at a
rate equal to log DI, and hence apparently a channel which can sustain communication rate
of at least log DI is needed [88].

Information quantization makes a dynamical systems hybrid in many cases. Such a hy-
brid nature may cause technical difficulties (such as the discontinuity in the vector fields
for continuous-time dynamical systems, see e.g. [4, 71]). Despite of this, sometimes peo-
ple intensionally introduce information quantization to a system to reduce the communica-
tion/computation costs and to address the design problems of hybrid systems or hierarchic
systems; see [3, 77, 24, 32, 23, 71]. To summarize, quantized control systems become an
interesting device that integrates dynamical systems and control, information theory and com-

munication, and hybrid systems.

2.1.2 Control over probabilistic channels

The above research generally assumes that the channel is digital but noiseless (i.e. deter-
ministic). This noiseless assumption holds true if the channel has a capacity higher than the
bit-rate, thanks to the channel coding theorem (though the delay issue needs to be taken care
of). In many cases, it is necessary or useful if the noises and uncertainties of the underline
channel are considered explicitly. For an example, the optimality for the control over an AWGN
channel is easily achieved without quantization or coding, namely sending the un-coded control
signal across the noisy channel is optimal [28]; see later chapters for details. This leads to the
study of control over probabilistic channels.

Many strategies have been developed to cope with the channel noise and fading; see e.g. [76,
112] for two most recent publications. However, one “universal” strategy exists, as proposed
by Elia. This strategy is to, first, extract any channel uncertainties from the deterministic
mean system, and second, view the uncertainties as those studied in robust control [26, 27].

Then the stability of the original system becomes the robust stability of the mean system
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to those uncertainties. This strategy has been applied to packet-drop networks without side
information [26], packet-drop networks with side information but without side information
loss [31], packet-drop networks with lossy side information [30], general memoryless fading
channels [27], etc. In the scenario of [26], the maximum packet-drop rate that ensures the
closed-loop stabilization can be solved analytically, which is again determined by the degree
of instability. In other scenarios, a critical quantity resembling the structural singular value in
robust control determines the minimum “quality of service” that the channel has to provide
to ensure stabilization.

For the problem of estimation over channels with uncertainties, we may also apply the
above results by invoking the duality between control and estimation. Other work in this area
including [111], which considered the Kalman filtering problem over an erasure channel and
characterized the existence of the critical value of packet loss, above which the estimation error

covariance becomes unbounded and below which the estimation error covariance is bounded.

2.2 Literature review for feedback information theory

Communication systems with noiseless feedback from the receivers to the transmitters
have been studied since Shannon [109]. In [109], Shannon proved that feedback does not
increase the capacity for a discrete memoryless channel, namely Cy, = Cys, where Cfyp is
the feedback capacity and Cyy is the feedforward (or forward) capacity. This result was
somewhat surprising, since one might expect that the noiseless feedback should benefit the
noisy feedforward communication. Such a benefit was later uncovered by Elias, Horstein, etc.,
who showed that noiseless feedback can improve the performance [33, 52]. More improvement

was obtained later by Schalkwijk and Kailath.

2.2.1 The Schalkwijk-Kailath (SK) codes and its extensions

Ten years after Shannon’s work, in 1966, substantial improvement was discovered by Schalk-
wijk and Kailath. While in feedforward communication, researchers were struggling to better
address the tradeoff among lower coding complexity, better performance, and higher data
rate, in their award-winning papers [107, 106], Schalkwijk and Kailath demonstrated that by
utilizing noiseless feedback, a capacity-achieving coding scheme for an AWGN channel can be

designed with low complexity and very short coding length, under an average power constraint.
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Particularly, in [106], it was shown that the following simple signalling strategy is optimal.
Given a set of M equally likely messages, uniformly divide the interval [0, 1] into M subintervals,
and associate each message to a subinterval center. Pick one center W and transmit it. At
time ¢, the decoder computes a maximum-likelihood estimate W; of W. At time (t 4+ 1), the
encoder transmit a(W; — W), an amplified version of the estimation error, where @ > 1 is
an amplification factor. At the final time, the decoder maps its final estimate to the closest
subinterval center as the decoded message. This coding procedure is rather simple, and it leads
to doubly exponentially decay of the decoding error probability, while achieving the capacity.

The SK codes have been extended to many situations. Gallager reformulated the coding
scheme and discussed both the digital and analog (related to rate-distortion and joint source-
channel coding) transmission issues [43]. Schalkwijk designed the multi-dimensional signalling
for AWGN channels [105]. Omura formulated a stochastic optimal control problem for the SK
signalling strategy [92]. Wyner showed that the SK codes generate (singly) exponential decay
of error probability if a peak power constraint is used. Butman designed the feedback codes
for channels with additive Gaussian noise forming autoregressive processes, and derived tight
bound for feedback capacity [5, 6]. More general Gaussian noise channels were also studied, see
e.g. [122, 131, 97, 96]. For multi-input multi-output (MIMO) Gaussian channels with feedback
(i.e. Gaussian networks with feedback), see e.g. [95, 68, 64].

2.2.2 Computation of feedback capacity and bounds

For discrete memoryless channels and AWGN channels, the feedback capacity equals the
feedforward capacity. Dobrushin first showed that channels with memory can have feedback
capacity strictly greatér than feedforward capacity [21]. Whether there is an improvement or
not for a discrete-time additive Gaussian channel with feedback was completely characterized
by Yanagi: When the noise is white, C, = C¢f; when the noise is blockwise white (independent
between blocks), Cy, = Cyy if the power budget is below some critical value and Cypp, > Cyy
otherwise; when the noise is completely colored, Cfp > Cpyy [135]. On the other side, for a
colored Gaussian channel, it was pointed out by Pinsker that feedback can at most double
the capacity [16], and by Cover and Pombra that feedback can at most improve the capacity
by half a bit [17]. Dembo also showed that feedback does not improve capacity for colored

Gaussian channels in very high SNR and very low SNR regimes [20]. Numerous upper bounds
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and lower bounds for Gaussian channels with memory have been obtained in the past decades;
see [62] for a recent summary. For Gaussian networks without memory, increase of capacity
due to feedback is possible and can be fairly high [95, 68, 53, 54, 63, 64, 65].

Despite of the above progresses, the feedback communication problems were found very
challenging: The feedback capacity of any Gaussian channel with memory (other than the
degenerated case of AWGN channels) could not be computed. As a result, the optimality of
the above generalized SK codes for Gaussian channels with memory could not be established.
Most of the feedback communication problems remained largely open until very recently, new
developments have been obtained mainly based on the unifying perspective of information and

control.

- 2.2.3 Most recent achievements: The interactions with control theory

Researchers had paid little attention on viewing the feedback communication system as a
control system (with the notable exception of Omura [92]), but this recently (re-)developed
viewpoint has been shown extremely powerful in addressing many long-standing problems in
feedback communication.

In [113, 116], Tatikonda and Mitter proposed a unified view of control and information.
They thoroughly studied feedback communication systems and the feedback capacity for both
discrete and continuous channels. They viewed the feedback communication systems as inter-
connections of stochastic kernels, which extends Dobrushin’s view of communication systems
and Willems’ view of feedback control systems [21, 99]. They proved that the supremum of
directed information rate from the channel input to channel output (subject to the power
constraint, if any) is the feedback capacity, which is the first input-output characterization of

feedback capacity. The directed information rate is defined as

T
1 1 T . Ty._ 1 1 £, 1 t—1
Tu—y) = lim == T =y = %EEOTH;M sy, (2.4)
provided the limit exists, where u® := [ug, u1, - -+, us]’ is the stacked input, and y* is the stacked

output. This differs from the conventional mutual information rate

1
I(wy) = lim o I(uTiy") =

T
1
1. I' T. t—1 2.

o7 1;:0: (w5mely™) (2.5)
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in that the causal dependence (different from the statistical dependence) of the channel input
us on channel output y*~! is considered in (2.4). Note that T(U — y) is indeed “directed”
since T(u — y) # 7(y — u) in general. Note also that earlier Massey argued that the
supremum of (2.5) does not give us the feedback capacity, and the supremum of (2.4) is an upper
bound of the feedback capacity [79]. Tatikonda and Mitter also reformulated the feedback
capacity problem as a stochastic control problem, and developed a dynamical programming
based solution to compute the finite-horizon feedback capacity (though it still involves rather
high computation complexity). To better address the time-delay issue and the feedback issue in
many communication problems, they proposed the sequential rate distortion theory, motivated
in part by control of unstable systems over communication channels (mainly over noiseless
digital channels and AWGN channels). This theory tells us how much channel capacity is
needed to transmit a process, e.g. a video stream, across a channel with specified distortion. It
was shown that both the conventional rate-distortion problems and the successive refinement
problems [35], including the SK coding scheme for transmitting analog sources, are special
cases of this theory.

In [102, 104], Sahai and Mitter observed that to communicate over general noisy channels
delay-sensitive information streams, including non-stationary, non-ergodic sources or even un-
stable sources, the Shannon capacity becomes inadequate. For instance, if the source to be
transmitted over a noisy channel grows exponentially and is known to the transmitter causally,
Shannon capacity C of the channel may not be achievable. This is because whenever a code
with rate close to C generates an arbitrarily small but nonzero probability of error (which is
for sure due to the channel noise), this error cannot be corrected and will causes an unbounded
error at the decoder side in later steps. However, the zero-error capacity is too conservative.
A fundamental new theory, called the anytime information theory, was proposed to address
these communication problems. This theory is closely linked to control problems, such as the
problem of tracking unstable sources over noisy channels. In particular, Sahai and Mitter
demonstrated that moment stabilization (or asymptotic tracking with bounded moments) over
noisy channels is equivalent to reliable communication of streams over the same channels. The
fundamental limitations in those communication problems are characterized by anytime ca-
pacity, above which reliable communication of delay-sensitive information streams is possible

and below which reliable communication is impossible. In fact, for any rate below the anytime
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capacity, any error made in previous steps can be eventually corrected. Anytime capacity,
corresponding to moment stability of the associated control system, is usually stronger than
the Shannon capacity, corresponding to almost sure stability of the associated control system,
but it is (much) less demanding than the zero-error capacity. In the AWGN channel case, it is

shown that

1
Canytime(P) = CShannon(P) = 5 log(l + P): (2'6)

whereas the zero-error capacity is zero! It also holds that, for Gaussian channels, moment
stability is equivalent to almost sure stability, and hence anytime capacity equals the Shannon
capacity. However, in other cases, the anytime capacity has not been found to have a simple
characterization such as a mutual information type one, and it is difficult to compute in general.
Sahai and Mitter also studied the anytime encoder, anytime decoder, joint source-channel
coding, insufficiency of using block codes, etc.

In [28], Elia made an intriguing observation that the celebrated SK coding scheme is merely
a rewrite of a special LQG problem (i.e. the MEC problem with Gaussian disturbance), and
reliable communication in the former is equivalent to stabilization in the latter. Then he
established the general equivalence between reliable feedback communication and feedback
stabilization over Gaussian channels with memory 1. In particular, the problem of feedback
communication over a Gaussian channel with memory can be transformed into an MEC prob-
lem over the same channel with an open-loop unstable plant, and if the latter is stabilized in
closed-loop, the former communicates reliably; additionally, lower bounds of the feedback ca-
pacity in the former can be obtained by solving the minimum-energy needed for stabilization
in the latter. More precisely, the transmission rate over the channel is shown to equal the

degree of instability of the open-loop system, namely
R =1log DI, (2.7)
and the channel input power is given by

P = || Tzu(2)|3 (2:8)

1One of the differences between this equivalence and that shown by Sahai and Mitter is that, the unstable
plant in [28] is driven by its initial condition, and in [102, 104] is driven by an input process.
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where 7z, denotes the transfer function from the Gaussian noise Z to the channel input u, and
|| - || denotes the Hz norm. Then lower bounds of feedback capacity can be obtained by finding
minimum power P while maintaining the closed-loop stability and a given rate R. To solve the
minimum power, one can apply many control techniques, such as the Youla parametrization,
interpolation conditions, and so on. Elia demonstrated that this approach provides tighter new
lower bounds or recover the tightest lower bounds of feedback capacity in existing information
theory literature. He also extended the SK codes to achieve these lower bounds, and the
coding schemes have an interpretation of tracking unstable sources over Gaussian channels.
By investigating the fundamental limitations in the feedback communication problem and
the control problem, Elia showed that the achievable rate is alternatively given by the Bode
sensitivity integral

1
R= / * log S(e72™)dg (2.9)

ENTE

where S(z) is the sensitivity transfer function of the closed-loop control system. Hence, the
fundamental limitation in feedback communication coincides with that in control.

In [137], Yang, Kavcic, and Tatikonda applied the ideas of directed mutual information rate
and stochastic control formulation in [113] to compute the feedback capacity for a discrete-input
finite-state Markov channel. The optimal input distribution is also characterized. In [136],
Yang, Kavcic, and Tatikonda used similar ideas to compute the feedback capacity of a power-
constrained Gaussian channel with memory. They uncovered the Markov property of the
optimal input distributions for this channel and eventually reduced the finite-horizon stochastic
control optimization problem to a manageable size. The optimal input distribution at time ¢

takes the form

up = di(s; — B(sey'™)) + &, (2.10)

where d; € R™ is a gain, s; € R™ is the state of the channel at time ¢ (which summarizes the
information in previous inputs u%™1), m is the order of the channel, E(s;|y?~!) represents the
sufficient statistics for estimating s; based on channel outputs %*~! which can be computed
using a Kalman filter, & is an independent process representing new information, and its
variance K¢ ; as well as d; needs to be searched for each ¢. Using dynamical programming,
a solution of computation complexity O(T' + 1) for computing the finite-horizon feedback

capacity Cr is obtained, where (7" 4 1) is the length of the time horizon. Moreover, under a
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stationarity conjecture that the infinite-horizon capacity Cyp o equals the stationary capacity
(the maximum information rate over all stationary input distributions, denoted C;b), Crb,oo I8
given by the solution of a finite dimensional optimization problem. The stationarity conjecture
is equivalent to assuming that d; = d and K¢ = K¢ for all ¢. This is the first computationally

efficient 2 method to calculate C’J‘ib or Cyp 7 for general Gaussian channels with memory.

2.2.4 Other most recent achievements

Most of the new achievements in feedback information theory employed the interactions
between information and control. As an notable exception, some recent important results for
Gaussian channels with feedback were obtained based on the Cover-Pombra coding structure
(called the CP structure). The CP coding structure is a simple linear structure that generates
the optimal channel inputs for general Gaussian channels with feedback [17]. Though the
structure is rather simple, the number of free parameters to be searched grows fast as the
coding length increases and leads to prohibitive computation complexity. By exploiting the
special properties of a moving-average Gaussian channel with feedback, Ordentlich discovered
the finite rankness of the innovations in the CP structure, which reduces the computation
complexity [94]. Shahar-Doron and Feder reformulated the CP structure along this direction,
and obtained an SK-based coding scheme to achieve the finite-horizon capacity with reduced
computation complexity [108]. Also along this line, Kim studied a first-order moving-average
Gaussian channel with feedback, found the closed-form expression for Cp, oo, and obtained an
SK-based coding scheme to achieve Cfp oo [60]. For this channel, the optimal input distribution
is indeed stationary, as conjectured by Yang, Kavcic, and Tatikonda in [136]. Moreover, in
[61], Kim confirmed the stationary conjecture for stationary Gaussian channels with feedback,
based on a careful look at the CP structure, superadditivity of feedback capacity, and the

relation between cyclostationary processes and stationary processes.

2.2.5 Limitations of feedback information theory

As we have seen, significant progresses have been made in feedback information theory,

especially in the past five years. However, most of the results are based on the assumption

2Here we do not mean that their optimization problem is convex. In fact the computation complexity for
Cyb,r is O(T + 1), and for Cyp,co the complexity is determined mainly by the channel order, which does not
involve prohibitive computation if the channel order is not too high.
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that the feedback link is noiseless, and the literature lacks meaningful results on noisy feedback.
In the noiseless feedback case, infinite amount of information can be transmitted across the
feedback link without any cost or limitation.

In some situations, the noiseless feedback assumption may be a good approximation. Con-
sider a communication network with base stations and mobile stations. The communication
from the mobile station to the base station (the forward transmission) may be very noisy due
to the limited resources (e.g. transmission power) available to the mobile station, whereas the
communication from the base station to the mobile station (the feedback transmission) may
be viewed as noiseless since the base station may have a lot of resources (e.g. transmission
power). The study using noiseless feedback says that one can dramatically improve the forward
transmission by taking advantage of the feedback transmission, which may be useful in such
communication networks. Similar possibilities exist in satellite-ground communication [107],
sensor networks with base stations or cluster centers [126], and so on.

Yet, the above described situations in real practice can be much more complicated. For
example, in practice one would try to better allocate the bandwidth resources between the
feedforward link and the feedback link, and one usually feeds back the decision made by the
decoder to the encoder. Additionally, the effect of feedback noise may be very small but never
exactly zero. These issues have not been taken into consideration, mainly because they greatly
complicate the problem (which is already very difficult) and cannot be studied at the current
stage.

The main usefulness of the ideal study based on noiseless feedback of full information
about the channel outputs includes the following. First, it gives us the ultimate bound and
useful hint of how much feedback (of any kinds) may help us. If the noiseless output feedback
leads to substantial improvement in a communication problem in terms of either capacity or
coding complexity or performance, it may suggest that we should try to utilize feedback in
that problem, even if the feedback link is not perfect. Second, we consider it a necessary
step towards the study of the more realistic cases, such as noisy feedback. Third, a feedback
communication system with noiseless feedback may be transformed into a control system over
one noisy channel using the equivalence shown in [28]," which may help solve the associated
control problem. Note that a control system with only one noisy channel (either from the plant

to the controller or the opposite) is a realistic problem.
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Thus, though the noiseless feedback assumption is not quite practical, which makes the so
far developed feedback information theory not quite practical, we consider that this simplifying
assumption is helpful, these studies have significant theoretic implications, and they may shed
important insight on the study of the more practical problems.

Throughout this thesis, we will follow this convention and assume that the channel outputs

are fed back noiselessly to the encoder.

2.3 Other work

Mitter and Newton revealed the optimality of optimal estimators in the information the-
oretic sense [82, 83]. They identified the information flow in a Kalman filter, showed that
the Kalman filter extracts the right amount of useful information from the observations for
estimation purpose, supplies the extracted information to an information store, and dissipates
at an optimal rate the old information that becomes no longer useful. Hence, the Kalman filter
acts optimally in the information processing sense.

Graham, Baliga, and Kumar observed the convergence of control, communication, and
computation [49, 48]. They pointed out that in many applications, the three cannot be treated
as separated: “For example, the problem of data fusion in sensor networks is not just an
inference problem, or just a computation problem, or just a communication problem. It is
a synthesis. When actuation is also involved, as in control, there is a further convergence of
theories. Such a systems theory could well be the agenda for the next two decades.” It is
clear that their main scope largely overlaps with the study of interactions among information,
estimation, and control: Though we are not yet explicitly addressing the computation aspect,
computation is used in information transmission (e.g. coding and decoding), information
processing (e.g. estimation), and information utilization (e.g. decision making). A complete
picture of a typical system in both studies comprises the underlying plants, sensing, information
transmission, information processing, decision making, another information transmission, and
actuation. Kumar and their collaborators have made significant progresses in design and
implementation of such systems in their Convergence Lab at the University of Illinois.

Guo, Shamai, and Verdu obtained a new formula that connects the mutual information of

the input and output in a Gaussian channel and the MMSE achievable by optimal estimation
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of the input given the output [51]. In its simplest form, for a scalar AWGN channel
y=VSNRu+ N (2.11)

with SNR being the signal-to-noise ratio (SNR), u being the channel input with arbitrary
distribution, N being standard Gaussian independent of u, and y being the channel output, it
holds that

d

1
Song ! (SNR) = ;MMSE(SNR), (2.12)

where I(SNR) is the mutual information between the input u and output y, and MMSE(SNR)
is the MMSE of the input estimate given the output; both I(SNR) and MMSE(SNR) are
functions of SNR. In another word, the derivative of the mutual information w.r.t. SNR
equals half of the MMSE, independent of the input distribution. This intriguing relationship
can be extended to various Gaussian channels and draws fundamental connections between
information theory and estimation theory. This is closely related to one of the results linking
mutual information and MMSE (or CRB) obtained in this thesis.

In [78], Martins and Dahleh studied the performance of control systems with communication
constraints. They explicitly showed that how much channel capacity is needed to achieve
a desired performance of a control system, and characterized the fundamental limitations
of disturbance rejection in terms of a Bode-like formula or information theoretic quantities.
Intuitively speaking, they showed that the channel capacity should be no smaller than the
rate used for stabilization plus the rate used for disturbance rejection. Elia considered a
different setup of the disturbance rejection problem over Gaussian channels [29]. In this case,
disturbance rejection by loop shaping does not require extra transmission rate but needs extra
power, and the extra power corresponds to how far the sensitivity function is away from the
optimal (flat) sensitivity given by Ho, loop shaping.

In [75], Liu et al studied the collective behavior of a class of dynamical systems under
communication constraints, and proved that different amount of information flow inside the
system leads to rather different behavior of the system. More specifically, it was shown that,
for a group of simple non-mobile agents operating in discrete-time, phase transition emerges
from the interactions among agents in the presence of noise: At a noise level higher than

some threshold, the system generates symmetric behavior; whereas at a noise level lower than
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the threshold, the system exhibits spontaneous symmetry breaking. This research belongs to
the cooperation with limited information framework, also illustrates the interaction between
information and dynamical systems, and may help us to understand how information is being
utilized in such systems.

We refer to [80, 110, 121, 50, 34, 10, 130, 127, 114, 40, 91, 115, 84, 90] and references therein

for other related work.
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CHAPTER 3. AWGN CHANNELS WITH FEEDBACK

In this chapter, we study the AWGN channels with feedback. Due to its simplicity, this
channel has been extensively investigated. A capacity-achieving coding scheme was first pro-
posed by Schalkwijk and Kailath [107, 106], and variations and different interpretations have
been given. In particular, Elia showed that the SK coding scheme is essentially an MEC
problem [28]. Nevertheless, this channel is still interesting to us, since its simplicity helps us
to easily identify its connections to estimation/control problems. Careful studying of these
connections gives us new insights about feedback communication problems, and the insights
can be extended to more general situations, as we will see in subsequent chapters.

This chapter is organized as follows. We first present a Kalman filtering problem as a
motivating example in Section 3.2, based on which we obtain a feedback communication scheme
in Section 3.3. We then prove that this scheme is optimal in the sense of achieving the feedback
capacity in Section 3.4. We draw explicit connections to an estimation problem, a tracking-of-
unstable-source problem, and a control problem; see Section 3.5. We show that the optimality
in these problems coincides, and so do their fundamental limitations. We also illustrate that
the SK coding scheme is essentially the Kalman filtering algorithm. In Section 3.6, to overcome
the numerical instability problem of the proposed coding scheme, we provide a modified coding

scheme suitable for simulation purpose and report the numerical results.

3.1 Channel model and feedback capacity

Consider a discrete-time AWGN channel shown in Fig. 3.1. At time ¢, t = 0,1, .-+, this

channel is described as

Yt = ug + Ny, (3.1)

where u; is the channel input, N; is the channel noise and forms an identically and indepen-

dently distributed (i.i.d.) Gaussian process with zero mean and unit variance, and y; is the
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channel output.

A 4

Ny
Ut Yt
>

Figure 3.1 An AWGN channel.

We assume that at time ¢, the encoder can make use of the channel output y*~! or any
function of it, by utilizing the noiseless feedback link. Under an average channel input power

constraint
1

1' Tt T< .
P e v s P (3.2)

with P > 0 being the power budget, it holds that
1
Crp(P) = Cis(P) = 5 log(1+ P), (3.3)
where Cjp(P) is the feedback capacity and Crs(P) is the feedforward capacity.

3.2 DMotivating observations: A simple Kalman filtering problem

To help the reader understand the intuition behind our study, we introduce a simple exam-
ple before we go into the technical details. A large portion of this research is in fact motivated
by the observations made in studying this example.

Consider a standard Kalman filtering problem for a first-order unstable LTI system with

noisy measurements:

T+l = G
Tt = cx (34)
Ut = 73+ Vg,

where zg is unknown, a > 1 (namely the system is unstable), a and ¢ are known, and N; is i.i.d.
Gaussian with zero mean and unit variance. Though the process {#:} is neither stationary,
nor even asymptotically stationary, a Kalman filter can be built to guarantee bounded error

covariance for estimating x;, and the Kalman filter converges to a time-invariant one, as pointed
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out in Chapter 14 of [57]. We can obtain the steady-state Kalman filter as

1 = alt+ Le
ft = Ci‘t (35)
et = Y — cIy,
where
axc
=Tyem (3:6)

is called the Kalman filter gain; ¥, the asymptotic error covariance for #;, is the positive

solution to the discrete-time algebraic Riccati equation (DARE)

22312
a“ccy
2 = 22 _—— 3.7
a 1 + 022’ ( )
and e; is called the Kalman filter innovation or simply innovation. See Fig. 3.2.
Kalman filter
Fo T T TSI T T T T T T
: 1
oy 1
7 ' et Tr4-1 Tt !
so—{ L [-e :
! )
r= 1
L |7 —a]— i
! 1
T :
Figure 3.2 A Kalman filtering problem.
It can be easily solved that
a?—-1
T (38)
c 3.8
-1
L = 2=
ac

and hence the error covariance of estimating 7; is

P = E(r; — #)% = B(cay — ¢iy)? = &% = a® — 1, (3.9)
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yielding that
1
loga = 3 log(1 + P), (3.10)

which reminds us the capacity formula for an AWGN channel with power budget P.

Note that the Kalman filter is the optimal estimator for an estimation problem. It has
been demonstrated by Mitter and Newton that the Kalman filter can be interpreted in an
information theoretic sense (but not in the sense of conveying information over some channel),
and it is indeed optimal in that sense [83]. Here we would like to ask related but different ques-
tions: Does the Kalman filtering problem admit any information transmission interpretation?
If yes, does it correspond to the optimal communication over an AWGN channel, in light of
(3.10)? And where are the encoder, decoder, and message? We answer these questions in the

subsequent section.

3.3 Kalman filter based coding scheme

In this section, we propose a coding scheme which achieves the feedback capacity of the
AWGN channel. This coding structure, as illustrated in Fig. 3.3, is easily seen to have only a
slight change from the Kalman filter shown in Fig. 3.2: Instead of closing the loop after the
AWGN N; (ie. adding —7; to %), in Fig. 3.3, the loop is closed before the AWGN M, (i.e.
adding —#; to r¢). This does not change anything but the signals between the two adders. In
Fig. 3.3, we can identify the encoder, the AWGN channel, and the decoder, that is, we indeed

obtain a feedback communication system from the Kalman filtering problem in Fig. 3.2.

AWGN decoder

Figure 3.3 A coding structure based on Kalman filtering.
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Remark 1. The rationale behind the optimality of this coding scheme lies in the optimality
of the Kalman filtering problem. In Fig. 3.2, if a > 1, namely the process to be estimated is
unstable, it holds that

T: = a‘xo, (3.11)

that is, ¢ and Tt = cxy grow exponentially. Compared to the ever growing process {r:},
the noise process {INy} is ezponentially smaller and smaller and eventually becomes negligible.
Therefore, the Kalman filter, the MMSE estimator, can estimate xo with higher and higher
precision, which is a fived point smoothing problem. In fact, let $o: = a~ 12y, then the
estimation error Ioy = xo — Loy decays exponentially and faster than that given by any other
estimator, in the mean-squared sense. This corresponds to that the information about g is
being transmitted at the highest rate. Besides, the difference between vy and 7, the optimal
one-step prediction of Ty based on y'~1, is also minimized in the mean-squared sense, which
implies that up := 1y — 7y is minimized in the variance (namely, the power) sense. This leads
to the optimality in the feedback communication problem.

To see that the estimation error (xo — Zo,) decays exponentially in the mean-squared sense,

we may reason in an approrimate way or a rigorous way. Approzimately, it holds that, fort

large enough,

E(z; — 3;)? = X; (3.12)

t

since z; = atzg and & = a*Zos, we then have

E(xg — Z0¢)? ~ a~ 2723, (3.13)

that is, the estimation error Zo: decays exponentially at rate loga. Rigorous computation
confirms that this is the right decay exponent of Ty, which will be presented shortly in the proof
of Theorem 1.

To summarize the above intuitive explanation, the Kalman filter provides the optimal esti-
mate of the Message being transmitted by smoothing operations, as well as the optimal channel
input power usage by one-step prediction operations. Combining these two factors, we can

obtain an optimal coding scheme based on Kalman filtering.

In the rest of this section, we describe the Kalman filter based coding scheme in detail. We
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will prove rigorously the optimality of the coding scheme in the next section.

3.3.1 Coding structure and optimal parameters

The encoder and decoder shown in Fig. 3.3 are described in state-space as follows:

Ti4+1 = GTt
encoder: re = cxz (3.14)
Ut = =7
and
ZTip1 = ali+ Ly
decoder: 7y = ciy (3.15)
~ _ __t_l ~
Tor = a4 Zi+1,
where

c =1 (3.16)

L = a—-,
a

%0 := 0, £90 := 0, and o will be determined shortly. Recall that 7 > 0 is the power budget.
It is easy to see that L is chosen according to the Kalman filter gain formula (3.8). We call z;
the encoder state.

Interestingly, the encoder may be viewed as a control system, and the decoder may be

viewed as an estimation system, as pointed out by Mitter in [81].

3.3.2 Coding processes

The designed communication system can transmit either an analog source or a digital
message. We describe the coding processes for both cases below. Let us fix the coding length

(or the time horizon) to be (T'+ 1), namely the time spans from time 0 to time 7T'.

3.3.2.1 Transmission of analog source

In this case, we assume that the encoder wishes to convey a Gaussian random variable
through the channel and the decoder wishes to learn the random variable, which is a rate-

distortion problem or a successive refinement problem (see [113, 102, 45] and reference therein
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for study of successive refinement and its generalization, the sequential rate-distortion prob-
lem).

The coding process is as follows. Assume without loss of generality that the to-be-conveyed
message W is distributed as N(0,P) (if the variance is not P, we can scale W to have the

desired variance). To encode, let

ZTg = W. (317)

Then run the system till instant of time 7', generating & for t = 0,1,---,T. To decode, let

WT := £o7. The distortion measure is
MSEwr := E(W — Wr)2. (3.18)

3.3.2.2 Transmission of digital message

To transmit digital messages over the communication system, let us fix ¢ > 0 arbitrarily

small. Suppose that we wish to transmit one of a set of
My = oT+)(1=9) (3.19)

messages. We equally partition the interval

o) o) em

Mpr—1 Mr -1

into My sub-intervals, and map the sub-interval centers to a set of M7 equally likely messages;
this is known to both the transmitter and receiver a priori.

Suppose now we wish to transmit the message represented by the center W. To encode,
define zp according to (3.17). Then run the system till instant of time 7. To decode, let the
decoder estimate Wr be

= Zo,T

We then map Wr into the closest sub-interval center and obtain the decoded message Wy. We
declare an error if Wy # W, and call a (an asymptotic) rate

R := lim L

log M- 3.22
T—»ooT-i—lOg T ( )
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achievable if the probability of error PE7 vanishes as T' tends to infinity.

3.4 Coding theorem

The following theorem establishes that, the above described coding scheme is optimal in the
sense of information transmission. Therefore, we have indeed obtained optimality in feedback

communication based on the optimality in estimation.

Theorem 1. Let {N;} be AWGN with N; ~ N(0,1). Then under the power constraint Eu? <
P,

i) The coding scheme constructed in Section 3.8.1, following the coding process described
in Section 3.3.2, transmits an analog source W ~ N(0,P) from the encoder to the decoder at

the capacity rate

1
Crp(P) == 3 log(1 + P), (3.23)
with MSE distortion MSEw. 1 satisfying the optimal rate-distortion tradeoff function given by

1 o P
(T+1) & MSEw,T

Op(P) =5 (3.24)

for each T.
it) The coding scheme constructed in Section 3.5.1, following the coding process described
in Section 8.3.2, can transmit o digital message from the encoder to the decoder at a rate

arbitrarily close to Cyy(P), with PET decays to zero doubly exponentially.

Proof: We first derive the expressions for uw; and Zo¢. Let Z; := x; — £;. We can express

Z; in terms of the initial condition and channel outputs as

t—1
E =dW—a') a7 Ly (3.25)
j=0

Hence 1
> eI Ly =W — a5, (3.26)
=0
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On the other hand, noticing that y; = u; + Ny, it also holds that

Ty = a%i_1 — L{ug—1 + Ny—1)

= (a - Lc)ﬁ:t_l - LNt_l

= a—lftt.q — LNt_l (3'27)
t—1

= o'W — Z a“t+1+jLNj.
7=0

This leads to that

t—1
5 § : —-7—1
Tot—1 = a™’ Lyj
j=0

= W-at% (3.28)
t—1
= 1-a )W +a% Zaj‘HLNj.
j=0
Therefore, we have
T
gor = (1— a2 T")W +a77=2) "o LN;. (3.29)
=0
Also note that 1
w = ci =a"'W—» o THILN;. (3.30)
j=0

Then we compute the average channel input power, followed by the rate and distortion
computation for i), and the rate and probability of error computation for ii). From (3.30), the
input power is asymptotically determined only by the term 2;;}) a**1HILN;, which leads to
that

i—1 2 2 2
. _ . a“—1 a
Ev? = L? lim E a 222 ( )
t—o0 4
j=0

=P. (3.31)

a2 a2-1
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i) The MSE distortion is

T
MSEVV,T = FE a—4T—4W2 + a—4T—4 Z a2j+2L2 (Nj)2
=0

— a—4T——4P + a—4T—4P2 Z a?j
j=0
a2T+2J _ 1> (3:32)

—4T—4
a ’P(l-}-P prp]

a—4T—4Pa2T+2

= Pa=?T2,
This distortion needs an information rate across the channel to be at least

1

P
= 1
R = o2 % WREyr

=loga = C(P), (3.33)

which is indeed the capacity of the AWGN channel and implies that the optimality is achieved.
ii) By (3.21) and (3.29), we have

T
Wr =W+ @72 -1)71> "o/ TLN, (3.34)
=0
that is, Wi is an unbiased estimate of W. For each given W, it holds that Wy ~ N (W, (a?T+2—
1)—2 Zgrzo a2j+2L2)_

The signalling rate is

R := lim log Mt = (1 — ¢)loga. (3.35)

T—oo T +1

This signalling rate is achievable if the probability of error vanishes. To compute the probability

of error, note that for each message W, no error occurs if

_ 1
[Wr —W| < Y- lx/ﬁ (3.36)
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Then the probability of error satisfies

VP/(Mr —1)

a2T+2 _ 1 -17, Z a2i+2

T+1 1_ —2T—2
. Em :

PEr < QQ(

(Mr —1)Va? —
T41)e 1—a—2T Vi— a2 ) (3.37)

= 2Q

1 — g—(T+1)(1-¢)

(T+1)e

_ = 2(T+1)e
Vona(T+De (T+1)e ( 5 )’

I/@

where inequality (a) follows from

1 —qg—21-2
= -9 = | (3-38)

for any € > 0 and T, and (b) follows from the Chernoff bound

exp(——t2)

1) < —
Q) < —=
Thus, PET decreases to zero doubly exponentially. |

Remark 2. We discuss some variants of the above coding scheme. It can be seen that if
the message interval shown in (3.20) is chosen to be in some other forms, such as [0,1] or
[10, 100], #) still holds provided that the uniform partition of the interval is fized and known to
both the encoder and decoder before the transmission, since the initial condition does not affect
the asymptotic input power and how fast the error (W — W) decays.

Another decoding method is to map Zor directly into the closest sub-interval center and
obtain the decoded message Wp. This is asymptotically identical to the above decoding method.
The scaling by 1/(1 — a=2T=2) is to remove the ezponentially vanishing bias in the estimate of
W; see (3.34) and [43].

In addition, if we use the time-varying Kalman filter gain instead of the steady-state Kalman
filter gain, the above results also hold, since direct computation shows that the time-varying,

transient Kalman filtering converges to its steady-state exponentially fast.
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Remark 3. The “error exponent” of the above scheme, defined as

1 1
A 77 lesles(55-)), (3.39)

equals 2(Cyp(P) — R) = 2¢e. This is the one computed in [106], and is the largest (i.e. the best)
error exponent that one can achieve; see [118]. Hence, our scheme is optimal in achieving
the capacity and in achieving the best error exponent. Again, this is due to the fact that
Kalman filter provides us the optimal estimate of the message, which leads to the fastest decay

of probability of error.

3.5 Connections of information, estimation, and control over an AWGN

channel with feedback

In this section, we develop the connections of information, estimation, and control over the
AWGN channel with feedback. This provides diversified interpretations why the above coding
scheme is optimal. We note that the connections can be generalized to other channels to obtain
the optimal coding schemes.

The Kalman filtering problem admits a different state-space representation from the Kalman
filter based coding scheme. However, they generate equal signals {r:}, {e:}, {&:}, and {&o4},
and hence are considered to be “equivalent” over any finite time horizon (the precise meaning
of equivalence between different systems can be found in Appendix A.2). Below, we rewrite

the dynamics of the two systems for convenience.

.
Tepr = amy
unknown source
Tt = CI:
gy = 1+ DNy } channel
estimation system: Eti1 = ad+ Le (3.40)
’f t = Ciﬁt
Kalman filter
et = YTt
| Zog = a

with zg := W and %o := 0.
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T4 = Oy
Tt = cy encoder
Ut = -y
o Ut = w+N }channel
communication system: (3.41)
€t = U
Ztr1 = aZi+ Leg
decoder
P = C
~ _ —t—1n
| for = @ Li+1

with g := W and &y := 0. Note that this is also a tracking-of-unstable-source problem.

Now let
Ty = Ty — Ty, (3.42)

then both systems (3.40) and (3.41) become

fit+1 = (a - LC)CEt - LNt = ai:t - Let
control system: ¢ e, = &+ Ny (3.43)
Ut - C(T?t,

where a > 1 and Zo := W; see Fig. 3.4 for its block diagram. It is a control system where we
want to minimize the power of u by appropriately choosing L, while stabilizing the closed-loop.
This is a minimum energy control (MEC) problem, which is equivalent to the Kalman filtering
problem (see [67]). In essence, the MEC system in Fig. 4.7 is the closed-loop form of the
Kalman filtering system and the Kalman filter based coding system, and it is sometimes called

the innovations representation of the Kalman filtering system.

Figure 3.4 The block diagram for the MEC system.

The MEC system has interesting properties as summarized in the following lemma.
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Lemma 1. The optimal L that solves the MEC problem

min

lim ———-—Eutut’
L stabilizing,(3.43) t—o0t+1 (3.44)

is given by

L= % (a - 1) . (3.45)

For the optimal L, it holds that

i) The closed-loop pole ag locates at the reciprocal of the open-loop pole, namely

1
aq:=a— Lec= P (3.46)

it) The transfer function from N to e is an all-pass transfer function

Z—a

T = 3.47
ele) = (3.47)
with a flat power spectrum of magnitude a?;
ii1) {e:} is a white Gaussian process with zero mean and asymptotic variance
K, =d?. (3.48)

Remark 4. Note that the MEC problem, a special LQG problem, is also a problem of control
over noisy channel. Interestingly, the optimal design of the controller L does not require any
quantization or coding. Note also that the whiteness of {e;} is consistent with the results in
Kalman filtering theory: It has been shown that the innovation processes in Kalman filtering

problems are always white [57]; this property will be found especially useful in later chapters.

Proof: Note that
E(Z:11)? = (a — Lo)*E(3)% + L, (3.49)

which leads to that, when the closed-loop is stabilized,

L?
. ~ \2 .
thm E(Z;)* = T-(a—Io? (3.50)
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and hence
L2 62

oI (3.51)

lim E(u;)? =
t—o0

Then it is straightforward to see that (3.45) minimizes the average power of u. We can verify i)
and ii) directly. The whiteness of {e;} follows from that Tn.(z) is an all-pass transfer function

with a flat spectrum. |

3.5.1 Information rate, CRB, and Bode integral

The above shown equivalence among the feedback communication system, estimation sys-
tem, and control system immediately leads to the following results linking the information

rate, CRB, and Bode integral. Define
: Ly O o
R := lim 1 (v —y) (3.52)

to be the (asymptotic) information rate; h(y) to be the entropy rate of process {y:}; and

S(e7%7) to be the power spectrum of sensitivity function in (3.43), i.e.,
S(%70) = | Ty (€770 2. (3.53)

Also define
MMSEyw.r := E(W|g7) (3.54)

to be the MMSE of estimating W bases on observation ¢7 in the estimation system (3.40);

(3.55)

_ 2
dlog pygr (W, yT))

=K
Twr ( oW

to be the (Bayesian) Fisher information, where py ;r (W, 77) is the joint density of W and 77 ;

and

CRBWT = (IWT)_l (3.56)

to be the (Bayesian) CRB [123]. Note that it always holds, as a fundamental limitation in

estimation theory, that

MSEwr > CRByw1, (3.57)
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no matter how we design our estimator [123]. This inequality is referred to as the information
inequality, Cramer-Rao inequality, or van Trees inequality.

Proposition 1. Consider the feedback communication system (8.41), estimation system (3.40),

and control system (3.43). Assume that W ~ N (0, Py) where 0 < Py < oo. It holds that

R o= Jim e TG =) = fim s Vi)

= h(e)—§10g27re = loga

1

2 : . logIWT (3'58)
— j2m0 —

/_llogs(e )df P T+ 1)

_ I log MMSEw . lm log CRBw,T
T TrSs T 2T+ T Tl 2T+

Remark 5. This proposition links the information rate to the entropy rate of the innovations
process {e:} (or equivalently {y:}), the degree of instability, the Bode sensitivity integral, the
increasing rate of the Fisher information, and the decreasing rate of the MMSE and CRB. It
implies that the fundamental limitations in information, estimation, and control coincide, a
generalization of [28]. It also implies that the increasing rate of directed mutual information is
equal to the decreasing rate of MMSFE and CRB. The Fisher information, as its name suggests,

indeed has an interpretation in terms of mutual information defined in information theory.

Proof: First, note that

I(ub; yely™™)

M'ﬂ

T(UT —yl) =

T
=

(h(yely*™) = h(ysly' ™, b))

It
M'ﬂ

t=0 (3.59)
= h(y") — A(NT)
= hy") = h(y"IW)
= IW;y").
This shows the first equality. The second follows from the definition of entropy rate
h(y) = h(e) := llm ———h(yT) (3.60)

ol +1
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The third is due to that, since {e;} is white,

1 1
h(e) = 5 log(2meK,) = 5 log 2me + log a. (3.61)

The fourth is because the sensitivity transfer function in this case equals the all-pass transfer
function Zye.

We also note that

T
MSEW’,T = E|qg4T-4w?2 + 474 Za2j+2L2(Nj)2

§=0 (3.62)
A
—2T—2 —27—2 w
1— 1-—
per (1= (1-5))
which yields that
1

Log MMSEWT _ 1ga. (3.63)

T e 2(T+ 1)

Since the Kalman filtering system is linear driven by Gaussian random variables, it holds that
MSEw,r = MMSEw . = CRBw.r = (Zwr) ™ . (3.64)

Thus we prove the proposition.

3.5.2 Connection to the SK coding scheme

The SK coding scheme that achieves the feedback capacity of the AWGN channel is illus-
trated in Fig. 3.5. In this figure, we can identify the encoder, AWGN channel, decoder, and
the feedback link with one-step delay. The coding process is similar to that for the Kalman
filter based coding scheme. In the original papers by Schalkwijk and Kailath, the SK coding
scheme was obtained essentially as an application of the Robbins-Monro stochastic approxi-
mation procedure [107, 106]. Note that there are several versions of the SK scheme; Fig. 3.5
shows a slight variation of the original one proposed in [106].

The Sk coding scheme is another form of the Kalman filter based coding scheme. In other

word, the SK coding scheme essentially implements the Kalman filtering algorithm. To see
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Figure 3.5 The SK coding scheme.

this, note that in the SK scheme, it holds that

Ut

Zo,t

gat(Zo—1 — W)

and in the Kalman filter based scheme, it holds that

Ut

Zot

Letting

g

c

(3.65)
Foz—1—a" " 2gyy;
cat(W — iO,t——l) (3 66)
Fot—1+at2Ly;.
= JZ 1

(3.67)
= —g,

both schemes then generate identical channel inputs, outputs, and decoder estimates, respec-

tively, and hence they are equivalent. The optimal choice of g in the SK coding scheme indeed

corresponds to the optimal choice of Kalman filter gain.

3.6 Numerical example

In this section, we present numerical examples. We point out the Kalman filter based coding

scheme and the original SK coding schemes, all suffer from the problem of numerical instability.

Notice that, [107] involves exponentially growing bandwidth, [106] involves an exponentially

growing parameter a® where a > 1 and ¢ denotes the time index, and the Kalman filter based
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coding scheme generates a feedback signal with exponentially growing power.

To overcome this problem and build a coding scheme feasible for simulation !, we modify
our Kalman filter based scheme. Notice that the innovations representation of a Kalman
filtering system (i.e. the MEC system) is stable, namely both the unstable source and the
unstable Kalman filter are inside the loop that is stabilized. Thus, we obtain a modification

based on the innovation representation, as illustrated in Fig. 3.6. It follows the dynamics

( -

Ty = aZp1— Ly
Ut = Cff?t
(3.68)
Yy = ur+ MV
[ Zog = Zog-1+ a" 1Ly,

where Z_1 := W/a (l.e. £o = W), y—1 :=0, and &o,_1 = 0. It can also be derived from (3.41)
by letting %; := z; — Z. Note that the dynamics of Z; is stabilized, so no signals or parameters
in (3.68) will be unbounded. In fact, the “control setup” indicated in Fig. 3.6 is the dynamics
for the MEC system, stabilized in closed-loop. We remark that the modification coincides with
the one studied by Gallager (p. 480, [43]) with minor differences; however, Gallager’s scheme

has not received enough attention in the literature.

AWGN
channel
) encoder Nt decoder
: Tt Put | ‘,L_iyti 1.1 .m fo,t
: Cr— 2Ol L% g
é - | é ]
H zo E
| L [a}dz, | 5 _
; ; ; Zo,t-1
! Y1 | e T
i ] z1

control setup

Figure 3.6 The modified feedback coding scheme for an AWGN channel.

We simulate using the modified coding scheme. Let us assume that the power budget is

e claim that our modification is feasible for simulation purpose, since it is numerically stable. However,
this modification is not yet feasible for practical purpose, mainly because of the strong assumption on the
noiseless feedback. A more practical design is under current investigation.
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P := 3, i.e., C(P) = 1 bit per channel use. This leads to that ¢ = 2, L = 1.5. Fig. 3.7 shows
one trial of the coding scheme, in which (a) illustrates how the time average of the channel
input power converges to the given power budget, and (b) illustrates the exponential decay of

the squared estimation error (Z;)2 = (z: — £:)2, as time ¢ increases.

)

3 o

= 8 ] & o

32 10}

£ g

-— @

o

o2 5

e B

g £107%

S :

g ¥

- 3
0 ' T - - . e
0 500 1000 1500 2000 0 10 20 30 40 50

timet . time ¢

(a) (b)

Figure 3.7 (a) Convergence of the average channel input power to the given
power budget. (b) Exponential decay of squared estimation
error (7).

In Fig. 3.8‘, we report the simulated probability of error obtained by running multiple
independent trials of the coding scheme. We choose € = 0.01, namely the communication rate
R = 0.99 bit per channel use, very close to the Shannon capacity. For verification purpose, we
also plot the theoretic probability of error, computed using the Gaussian Q-function. We can
see that this scheme exhibits very good performance within 120 channel uses for a rate very

close to the Shannon capacity.

3.7 Summary

In this section, we study the simple case of AWGN channels with feedback. We show that
a Kalman filter based coding scheme achieves the feedback capacity. We draw connections
among feedback communication, estimation, and control over this channel, and show that the
optimality and fundamental limitations in these problems coincide. We finally verify our study
by numerical examples. This chapter lays the foundation for the following chapters. As we

will see, the concepts and approaches developed in this chapter carry over to more complicated
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Figure 3.8 Simulated probability of error and theoretic probability of error.

feedback communication systems.
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CHAPTER 4. FREQUENCY-SELECTIVE FADING GAUSSIAN
CHANNELS WITH FEEDBACK

4.1 Introduction

As we reviewed in Chapter 2, communication systems in which the transmitters have access
to noiseless feedback of channel outputs have been widely studied. As one of the most important
case, the SISO frequency-selective Gaussian channels with feedback have attracted considerable
attention; see (107, 106, 92, 5, 6, 17, 96, 135, 94, 108, 116, 136, 102, 104, 28, 60] and references
therein for the capacity computation and coding scheme design for these channels. Note
that SISO frequency-selective Gaussian channels are sometimes referred to as the Gaussian
channels with memory, or general Gaussian channels, or simply Gaussian channels; for precise
description of these channels, see Section 4.2.

We recap some of the major accomplishments for this channel. Schalkwijk and Kailath pro-
posed the SK codes for AWGN channels with feedback, which achieve the asymptotic feedback
capacity (i.e. the infinite-horizon feedback capacity, denoted Co 1) with reduced coding com-
plexity and improved performance [107, 106]. Cover and Pombra presented a rather general
coding structure, called the CP structure, to achieve the finite-horizon feedback capacity (de-
noted Cr, where the horizon spans from time epoch 0 to time epoch 7') for Gaussian channels
with memory; however, it involves prohibitive computation complexity as the coding length
(T + 1) increases. Kim obtained the closed-form expression for a first-order moving-average
noise channel based on the CP structure [60].

Tatikonda reformulated the problem of computing Cr as a stochastic control optimization
problem, and proposed a dynamic programming based solution [116]. This idea was further
explored by Yang, Kavcic, and Tatikonda, who uncovered the Markov property of the optimal

input distributions for Gaussian channels and eventually reduced the finite-horizon stochas-

1We drop the subscript “b” in feedback capacity notions from now on.
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tic control optimization problem to a manageable size [136]. Moreover, under a stationarity
conjecture that Co equals the stationary capacity (the maximum information rate over all
stationary input distributions), Co for a general Gaussian channel with memory is given by
the solution of a finite dimensional optimization problem. The stationary conjecture has been
recently confirmed by Kim [61]. Sahai and Elia identified the connection of feedback communi-
cation to the problem of tracking unstable sources over a channel and the problem of feedback
stabilization over a channel [102, 28].

As we can see from the literature, it remains an open and longstanding problem to build a
coding scheme with reasonable complexity to achieve C, for a Gaussian channel with memory;
note that practical codes (rather than random codes) have not been found based on the optimal
signalling strategy proposed by Yang, Kavcic, and Tatikonda in [136]. In this chapter, we
propose a coding scheme for frequency-selective Gaussian channels with output feedback. This
coding scheme achieves C,,, the asymptotic feedback capacity of the channel; utilizes the
Kalman filter algorithm; simplifies the coding processes; and shortens the coding delay. The
optimal coding structure is essentially an FDLTI system, which has low design/operation
complexity; is also an extension of the SK codes; and leads to a further simplification of
the optimal signalling strategy in [136]. The construction of the coding system amounts to
solving a finite-dimensional optimization problem. Our solution holds for AWGN channels
with inter-symbol interference (ISI) where the ISI is model as a stable and minimum-phase
FDLTT system; through the equivalence shown in [116, 136], this channel is equivalent to a
colored Gaussian channel with rational noise power spectrums and without ISI. Note that the
rationalness assumption is widely used and not too restrictive, since any power spectrum can
be arbitrarily approximated by rational ones.

In deriving our optimal coding design in infinite-horizon, we first present finite-horizon
analysis (which is closely related to the CP structure) of the feedback communication problem,
and then let the horizon length tend to infinity and obtain our optimal coding design which
achieves C. In the finite-horizon analysis, we establish the necessity of the Kalman filter:
The Kalman filter is not only a device to provide sufficient statistics (which was shown in
[136]), but also a device to ensure the power efficiency and to recover the message optimally.
This also leads to a refinement of the CP structure, applicable to any Gaussian channels with

memory. Additionally, the presence of the Kalman filter in our coding scheme signifies the
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intrinsic connections among feedback communication, estimation, and control. In particular,
we show that the feedback communication problem over a Gaussian channel is essentially an
optimal estimation problem, and the achievable rate of the feedback communication system
is alternatively given by the decay rate of the CRB for the associated estimation system.
Invoking the Bode sensitivity characterization of the achievable rate [28], we conclude that the
fundamental limitations in feedback communication, estimation, and control coincide. We then
extend the horizon to infinity and characterize the steady-state of the feedback communication
problem. We finally show that our optimal scheme achieves Co,. One main insight gained
in this study is that, the perspective of unifying information, estimation, and control, three
fundamental concepts, facilitates our development of the optimal feedback communication
design.

We also remark that the necessity of the Kalman filter in the optimal coding scheme is
not surprising, given various indications of the essential role of Kalman filtering (or MMSE
estimators; or MEC, its control theory equivalence; or the sum-product algorithm, its gener-
alization) in optimal communication designs. See e.g. [66, 41, 137, 136, 28, 83]. The study
of the Kalman filter in the feedback communication problem along the line of [83] may shed
important insights on optimal communication problems and is under current investigation.

This chapter is organized as follows. In Section 4.2, we introduce the channel models. The
problem formulation is given in Section 4.3, followed by the problem solution, i.e. the optimal
coding scheme and the coding theorem. In Section 4.4, we prove the necessity of the Kalman
filter in generating the optimal feedback. In Section 4.5, we provide the connections of the
feedback communication problem to an estimation problem and a control problem, and express
the achievable rate in terms of estimation theory quantities and control theory quantities. In
Section 4.7, we show that our coding scheme is capacity-achieving. Section 4.8 provides a

numerical example. Finally we summarize the chapter.

4.2 Channel model

In this section, we briefly describe two Gaussian channel models, namely the colored Gaus-

sian noise channel without ISI and white Gaussian noise channel with ISI.
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4.2.1 Colored Gaussian noise channel without ISI

Fig. 4.1 (a) shows a colored Gaussian noise channel without ISI. At time ¢, this discrete-

time channel is described as
Ye=us+ 2y, fort=0,1,---, (41)

where u; is the channel input, Z; is the channel noise, and ; is the channel output. We make
the following assumptions: The colored noise {Z;} is the output of a finite-dimensional stable
and minimum-phase LTI system Z(z) driven by a white Gaussian process {N;} of zero mean
and unit variance, and Z(z) is at initial rest. For any block size (i.e. coding length) of (T'+1),

we may equivalently generate Z7 by
z¥ = ZpNT, (4.2)

where Zr is a (T+1) x (T'+1) lower-triangular Toeplitz matrix of the impulse response of Z(z).
We may abuse the notation £ for both Z(z) and Z7 if no confusion arises. As a consequence,

{Z,} is asymptotically stationary. 2

Nt
channel F
KJ3
=
Ut Zt gt _ Z_l O
—
(a) (b) (c)

Figure 4.1 (a) A colored Gaussian noise channel without ISI. (b) The
equivalent ISI channel with AWGN. (c) State-space realization
of channel F.

Note that there is no loss of generality in assuming that Z(z) is stable and minimum-
phase (cf. Chapter 11, [98]), implying that the initial condition of Z(z) generates no effect

on the steady-state. Thus we made the initial rest assumption since our ultimate goal is the

2The difference between a stationarity assumption and an asymptotic stationarity assumption may result from
different starting points of the process: If starting from ¢t = —co, {Z:} is stationary; instead if starting from
t = 0 as we are assuming here, {Z:} is asymptotically stationary. They result in exactly the same steady-state
analysis of the feedback communication problem.
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steady-state characterization.

4.2.2 White vGaussian channel with ISI

The above colored Gaussian channel induces a new channel, namely a white Gaussian
channel with ISI, under a further assumption that Z(oco) # 0 (i.e. Z is proper but non-strictly

proper). More precisely, notice that from (4.1) and (4.2), we have
§" = 2Zr(Zr'WT +NT), (4.3)

which we identify as a stable and minimum-phase ISI channel with AWGN {V;}, see Fig. 4.1
(b). Here Z~1(2) is also at initial rest. For any fixed u¥ and N7, (a) and (b) generate the same
channel output 4. 2 Note that Z5 ! is the matrix inverse of Z7, equal to the lower-triangular
Toeplitz matrix of impulse response of Z71(z). |

The initial rest assumption on Z~! can be imposed in practice equivalently by, first driving
the initial condition of the ISI channel to any desired value (known to the receiver) before
a transmission, and then removing the response due to that initial condition at the receiver.
Such an assumption is also used in [136, 116]. We further assume for simplicity that Z(co) = 1;
for cases where g := Z(00) # 1, we can normalize Z(z) by scaling it by 1/g. Hence, Zr is a
lower triangular Toeplitz matrix with diagonal elements all equal to 1 (and thus is invertible).

We can then write the minimal state-space representation of Z~! as (F, G, H, 1), where
F € R™ is stable, (F, @) is controllable, (F, H) is observable, and m is the dimension or order

of Z~1. Let us denote the channel from u to y in Fig. 4.1(b) as F, where
yT = 27T + NT = 2347, (4.4)
The channel F is described in state-space as

s = Fs+G
channel F:{ T s | (4.5)

Yt = Hst+ur+ Ny,

where sg := 0; see Fig. 4.1 (c). Notice that channel F is not essentially different than the

3More rigorously, the mappings from (u, N) to § are T-equivalent. For a discussion about systems represen-
tations and equivalence between different representations, see Appendix A.2.
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channel from » to 7, since {y*} and {§*} causally determine each other.
We concentrate on the case m > 1; the case that m is 0 (i.e., F is an AWGN channel) was

_studied in Chapter 3.

4.3 Problem formulation in steady-state and the solution

Before formulating the steady-state communication problem, we distinguish among the
three scenarios: Finite-horizon (i.e. finite coding length), infinite-horizon (i.e. infinite coding
length), and steady state. Finite-horizon problems often have time-dependent (i.e. time-
varying) and horizon-dependent solutions (similar to finite-horizon Kalman filtering). The
horizon-dependence may be removed in the infinite-horizon scenario, and furthermore, the
time-dependence may be removed in the steady-state scenario. If we find the (stationary,
time-invariant) steady-state solution (which by [61] is also the infinite-horizon solution), we
can truncate it and employ the truncation if the practical problem is in finite-horizon but the
horizon is large enough. This truncated solution would greatly simplify the implementation

while having a performance sufficiently close to finite-horizon optimality.

4.3.1 Problem formulation

For a Gaussian channel with feedback, the channel input may take the form
up=pu T+ G (4.6)

for any v, € R 5, € Rt and zero-mean Gaussian random variable (; € R which is
independent of u*~! and y*~! (cf. [116, 136]). Therefore, the channel inputs are allowed to
depend on the channel outputs in a strictly causal manner. Our objective in this chapter is to

design encoder/decoder to achieve the (stationary) asymptotic capacity, given by

1
Coo := Cw(P) = sup lim —‘T(UT N yT)
{u:} stationary,(4.6) Tooo T +1
s.t. imp_ oo EuT/uT /(T+1)<P

(4.7)

where P > 0 is the power budget and T(uT — yT) is the directed information from u” to y”

(cf. [116]). This capacity has both operational and information meanings. For more details
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about Cy,, refer to Section 4.7.1.
The problem of solving C,, may be equivalently formulated as minimizing the average

channel input power while keeping the information rate bounded from below, namely for R > 0,

1
inf lim EuT'4uT.
{u:} stationary,(4.6) T—oo T +1 (4.8)
s.t. Ump o0 I(uT—yT)/(T+1)>R

Po(R) =

Therefore Poo(R) is the inverse function of Cy(P), €., Coo(Poo(R)) = R.

Approach: Our approach to solve the steady-state communication problem is to investi-
gate the finite-horizon problem first, and then let the horizon increase to infinity, which leads
to a unified view of infinite-horizon and finite-horizon in terms of Kalman filter based coding
scheme. Other approaches not pursued in this thesis are also possible, such as applying the
idea in [28] to the optimal signalling strategy in [136], though they generate results not as rich

as our approach does.

4.3.2 Coding scheme

The rest of this section presents the solution to the above problem. In this subsection, we
introduce an encoder/decoder structure and explain how to choose the parameters to ensure
the optimality, and then describe the encoding/decoding process, that is, how we assign the
message to be transmitted, and how we recover the message. In the next subsection, we
present the coding theorem which states that our encoding/decoding structure with the chosen
parameters achieves Co,. The proof of the theorem will be developed in Sections 4.4 to 4.7.

The encoder/decoder structure

In state-space, the encoder and decoder are described as

Tiy1 = Az
Encoder: ¢ = Cuz (4.9)

Ut = T‘t—TAt
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and
( St41 = F&+ Loe;
et = y— HS5
Decoder: ¢ 2;,7 = A#;+ Lie (4.10)
Tt = Ci
Tor = A_t—lit—kl;

\
where 8o 1= 0, &g := 0, A € ROtDx(n+]) 0 ¢ RIX(+1) 1) € R and Ly € R™. We call
(n+1) the encoder dimension, x; the encoder state, and o the decoder estimate. See Fig. 4.2
for the block diagram. Observe that —7; is the feedback from the decoder based on the channel
output ¥, and thus u; depends on y*~! but not y;. It further follows that —7* = G}y? for
some strictly lower triangular Toeplitz matrix Gf. Here A, C,u, etc. depend on n, but we do

not specify the dependence explicitly to simplify notations.

encoder channel F decoder

Nt

Figure 4.2 The encoder/decoder structure for F.

Optimal choice of parameters
Fix a desired rate R. Let DI := 2% and n := m — 1 (recalling that m is the channel

dimension), and solve the optimization problem

[a%t, %opt] .= arg inf DYDY,
! asER™ (4.11)
s.t. S=ATA’—ASC/CSA’/(CSC/+1)
where
A0 0 T
A= Ci=[C H],D:=[C 0],A= |—21" ) Ci=[1 O1n |-
GC|F +DI | ay

(4.12)
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Note that we need to solve (4.11) twice (one for +DI in A and one for —DI in A), and choose
the optimal solution as the one with the smaller objective function value. Then we form the
optimal A°P* based on a;pt, and let (n* 4 1) be the number of unstable eigenvalues in A%,
where n* > 0.

Now let n := n*, solve (4.11) again, and obtain a new a;p * and °Pt. Then form A%, let

A* = A%t 3+ = B3Pt C* := [1,01xq+], and form A*,C*, and D*. Let

L*l‘ . A*E*C*’

LY = = a—_—.

(4.13)
As we will show, (A*, C*) is observable, and A* has exactly (n* + 1) unstable eigenvalues.

We assign the encoder/decoder parameters to the scheme built in Fig. 4.2 by letting
n:=n* A:=A"C:=C" Ly := L, Ly := L3. (4.14)

We then drive the initial condition sg of channel F to zero. Now we are ready to communicate

at a rate R using power Py (R) = D*Z*D*. ¢

4.3.2.1 Encoding/Decoding process

Transmission of analog source

The designed communication system can transmit either an analog source or a digital
message. In the former case, we assume that the encoder wishes to convey a Gaussian random
vector through the channel and the decoder wishes to learn the random vector, which is a rate-
distortion problem. The coding process is as follows. Assume that the to-be-conveyed message
W is distributed as N (0, In«y1) (noting that any non-degenerate (n* + 1)-variate Gaussian
vector W can be transformed into this form). Assume that the coding length is (T"+ 1). To
encode, let xo := W. Then run the system till time epoch T, obtaining ¢, ¢ = 0,1,---,T.
To decode, let VVt i=%g¢ fort=0,1,---,T.

The quantities of interest include the squared-error distortion, defined as

MSE(W;) = E(W — Wy)(W — Wy)'. (4.15)

‘We see from (4.11) that for any channel F, a simple upper bound of the function Pwo(R) is given by
min{(2*® — 1)(Z(2%))?, (2% — 1)(Z(-2%))?}, obtained by using one unstable eigenvalue in A.
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It will become clear that MSE(W;) can be pre-computed before the transmission, and thus the
coding length can be determined a priori to ensure a desired distortion level.

Transmission of digital message

To transmit digital messages over the communication system, let us first fix € > 0 small

enough and the coding length (7" + 1) large enough. Let
¥ i= [Inxg1, 0]Z*[Lyey1,0]'. (4.16)
Assume that the matrix (A4*')~7~122(A*)~7-! has an eigenvalue decomposition as
(A" T1p* (4"~ T = EpArEL, (4.17)

where Fr = [e(l),- .- ,e(””“l)] is an orthonormal matrix and Ar is a positive diagonal matrix.
Let o be the square root of the (4,4)th element of A7. Let B € R™ +1 be the unit hypercube

spanned by columns of Fr, that is,

> 1 1
(Z) —_—— — y — CEEEY *
a E[ 2,2],2—0, , T } (4.18)

n*
B— { 3 alel
1=0

Next we partition the ith side of B into (o)™~ segments. This induces a partition of B

into M7y sub-hypercubes, where

My = ]](or)™
Il )

— [det ((A*I)—T——IZ*(A*)—-T—I)]_ 7

We then map the sub-hypercube centers to a set of My equally likely messages. The above
procedure is known to both the transmitter and receiver a priori.

Suppose now we wish to transmit the message represented by the center W. To encode,
let zo := W. Then run the system till time epoch T'. To decode, we map o into the closest
sub-hypercube center and obtain the decoded message Wr. We declare an error if Wy £ W,

and call a (an asymptotic) rate

log Mr (4.20)
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achievable if the probability of error PEp vanishes as T tends to infinity. We remark that
this coding process is the one used in [28] for Gaussian channels with memory, which was an
extension of the SK codes. We also remark that, similar to the analog transmission case, the
coding length (T + 1) can be pre-determined.

As we have seen, the encoder/decoder design and the encoding/decoding process can be
done rather easily. The computation complexity for encoding/decoding grows as O(T'). Once
again, as in the AWGN case, the encoder may be viewed as a control system, and the decoder

may be viewed as an estimation system.

4.3.3 Coding theorem

Theorem 2. Construct the encoder/decoder shown in Fig. 4.2 using n*, A*, C*, L}, and L3.
Then under the power constraint Eu? < P,

i) The coding scheme transmits an analog source W ~ N (0, In«11) from the encoder to
the decoder at rate Coo(P), with MSE distortion MSE(Wr) achieving the optimal asymptotic

rate-distortion tradeoff given by

Coo(P) = lim ! (4.21)

1
lo ryr
T—oo 2(T + 1) % det MSE(Wr)

it) The coding scheme can transmit digital message from the encoder to the decoder at a

rate arbitrarily close to Coo(P), with PEr decays to zero doubly exponentially.

The proof of the theorem will be developed in the subsequent four sections. In Section 4.4,
we consider a general coding structure in finite-horizon which may be viewed as a generalization
of our optimal coding structure. We show that this general structure essentially contains a
Kalman ﬁlﬁer. The presence of the Kalman filter links the feedback communication problem
to an estimation problem and a control problem, and hence we rewrite the information rate in
terms of estimation theory quantities and control theory quantities; see Section 4.5. Sections
4.4 and 4.5 are focused on finite-horizon. In Section 4.6, we extend the horizon to infinity
and characterize the steady-state behavior. Then in Section 4.7, we show that our optimal
encoder/decoder design is actually the solution to the steady-state communication problem. As
we can see, the development highly relies on the interactions among information, estimation,

and control.
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4.4 Finite horizon: Necessity of Kalman filter for optimal coding

In this section, we consider a finite-horizon coding structure that includes our optimal
design in Section 4.3 as a special case. This general structure is useful since: 1) searching
over all possible parameters in the general structure achieves Cy, that is, there is no loss of
generality or optimality to focus on this structure only; 2) we can show that to ensure power
efficiency (to be explained), the general structure necessarily contains a Kalman filter. The
general coding structure is in fact a variation of the CP structure, and hence our Kalman filter

characterization leads to a refinement of the CP structure.

4.4.1 Feedback capacity Cr

The following definition of feedback capacity is based on [116].

Definition 1. The “operational” or “information” finite-horizon feedback capacity Ct, subject

to the average channel input power constraint

— 71, T
Pr: Th_r)réo T 1Eu ut <P, (4.22)
8
e L 20T
Cr(P) := Cr := sup T+1 (u" —y), (4.23)

where T(UT — yT) is the directed information from uT to yT, and the supremum is over all

possible feedback-dependent input distributions satisfying (4.22) and in the form
up =yt T+ G (4.24)

for any v; € R¥¥E, n, € R and zero-mean Gaussian random variable (; € R independent of

w1 and yt_l.

4.4.2 A general coding structure

Fig. 4.3 illustrates the general coding structure, including the encoder and the feedback
generator, a portion of the decoder. Below, we fix the time horizon to be {0,1,---,T} and

describe the coding structure.
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feedback
encoder channel 7 generator

Y g T

—%

Figure 4.3 A general coding structure for channel F.

Encoder: The encoder follows the dynamics (4.9). We assume that the encoder dimension
(n + 1) satisfies 0 < n < T, W ~ N(0,Ip41), A € RFVX(4D) 0 ¢ RIX(HD) | (4,0) is
observable, and none of the eigenvalues of A are on the unit circle or at the locations of the

eigenvalues of F'. We then let

I'n(A4,C) = Iy = [C AT, -, AMC"]
I'(A,C) = T = [C,AC,. . AT'C) (4.25)
7(T) (4,C) = ﬁT) = ErTeT/,

Therefore, I'y, is the observability matrix for (A4, C) and is invertible, I' has rank (n + 1),
T =TW, and KF) =TT
Feedback generator: The feedback signal —#; is generated through the feedback generator

QT, ie.
— T = GryT. (4.26)

We assume that Gr € RTTDX(T+D) ig g strictly lower triangular matrix. Clearly, the optimal
encoder/decoder can be viewed as a special case of the general structure. Throughout the
chapter, the above assumptions on the encoder/decoder are always assumed unless otherwise

specified. For future use purpose, we compute the channel output as

y' = (I - 23t gr) (27T + NT). (4.27)
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Definition 2. Consider the general coding structure shown in Fig. 4.8. Define

1
Crpn:=Crp(P) := sup ————I(W;yT)
AeRM+)x(n+1) o gn T+ 1 (4.28)

st BuT'uT J(T+1)<P
and define its inverse function as Prp,(R).

In other words, C'r, is the finite-horizon information capacity for a fized transmitter di-
mension n. It holds that Cy, , = Cy, and hence limy,_,o0 Cpn, = Co (see Lemma 2 and Section

4.7.1). Moreover, as we will show, Co, can be achieved using this structure.

4.4.3 Relation between the CP structure for ISI Gaussian channel and the general

coding structure

In this subsection, we outline the relation of the CP structure to our general coding struc-
ture. In fact, our general coding structure was obtained by studying the CP structure for ISI
Gaussian channels. This explains how the general coding structure (and hence the optimal

coding scheme) was formulated.

4.4.3.1 CP structure for colored Gaussian noise channel

We briefly review the CP coding structure for the colored Gaussian noise channel specified
in Section 4.2.1; see [17, 16] for more details of the CP structure. Let the colored Gaussian

noise ZT have covariance matrix K (ZT) , and
ul = BpzT + 7, (4.29)

where Br is a (T +1) x (T +1) strictly lower triangular matrix, v7 is Gaussian with covariance

KéT) > 0 and is independent of ZZ. 3 This generates channel output

g7 = (I +Br)ZT + 1. (4.30)

5This v7 is called innovations in [16, 136]; it should not be confused with the Kalman filter innovations in
this thesis.
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Then the highest rate that the CP structure can achieve in the sense of operational and

information is

1 N
Crop(P) = swp 7—I(";§")
1 ) det K ?gT)
AT+ Ger kD (4.31)
B 1 det((I + Br) K (I + Br) + K{7)
= sup log @) )
2(T+1) det K

where the supremum is taken over all admissible Ki(,T) and B satisfying the power constraint

Pr = tr(BrK ) By + KT) < P. (4.32)

T+1

Since the operational capacity definitions in [17] and [116] coincide, we have Crcp(P) =
Cr(P). This may also be seen by observing that, any channel input (4.24) can be rewritten in
the form of (4.29), but since (4.24) is sufficient to achieve Cr, we conclude that (4.29) is also

sufficient to achieve Cr.

4.4.3.2 CP structure for ISI Gaussian channel

By using the equivalence between the colored Gaussian noise channel and the ISI channel
F, we can derive the CP coding structure for F, which is obtained from (4.29) by introducing

a new quantity r’ as
T = (I + Br) 1. . (4.33)

By ZT = ZrN7T and 47 = Zry”, we have

I = BTZTNT + (I + BT)T'T
y'' = Z7Y(I +Br)ZrNT + 2711 + Br)rT (4.34)
= Z7'(I+ Br)(ZrNT +17).

This implies that, the channel input «” can be represented as

ul = (I +Br) ' Brzry" +77, (4.35)
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which leads to the block diagram in Fig. 4.4.

channel F
NTJ\
ol (I-'—B )—1 TTm ul Iz—ll &
_’I—I} 127 1 Ny
(I + Br)~'BrZr

Figure 4.4 The block diagram of the CP structure for ISI Gaussian channel
F.

The capacity Cr now takes the form

1
Cr(P) = sup T+D log det KzST)

_ -1 / (1) ! =11
up 5oy log det (27 (T + Br)(Zr2r + KO +Br)'Z7")  (4.36)

= sup log det(ZrZp + K1)

2T +1)

where the supremum is over the power constraint

Pp = tr(BpZrZp By + (I + Br) K1 + Br)') < P. (4.37)

1
T+1
It is easily seen that the capacity in this form is identical to (4.31).

4.4.3.3 Relation of the CP structure with the general coding structure

We can establish correspondence relationship between the CP structure for ISI Gaussian
channel F in Fig. 4.4 and the general coding structure for F in Fig. 4.2. In fact, the general
coding structure for F in Fig. 4.2 was initially motivated by the CP structure for channel F
in Fig. 4.4.

For any fixed (K}ST), Br) in the CP structure, define in the general coding structure that

Gr = (I+Br) 'BrZr
0| Ir

*

A = Tt Iy € RTHHx(T+1) (4.38)

C = [1 o --- O]P(),
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where T’y := (K,ET))%, and * can be any number. (Note that the case K5 >0 but B 3
not positive definite can be approached by a sequence of positive definite KﬁT), and thus it
is sufficient to consider only positive definite KﬁT) in establishing the correspondence relation
of the two structures.) Then it is easily verified that Gy is strictly lower triangular, (4, C) is
observable with a nonsingular observability matrix I' = I'g, and A can have eigenvalues not
on the the unit circle and not at the locations of F’s eigenvalues. Therefore, for any given
(KﬁT) , Br), we can find an admissible (4, C,Gr), and it is straightforward to verify that they
generate identical channel inputs u”.

Conversely, for any fixed admissible (4,C,Gr) with € ROD*(+1) " we can obtain an

admissible ( 7ET),IS’T) as

By = gTZEl(I—gTZEl)—l (439)
I = T(4,C0)I(4,C),

which generates identical channel input 4 as (4, C, Gr) does.
As a result of the above reasoning, there is a corresponding relation between the CP
structure for F and the general coding structure, and the maximum rate over all admissible

(KTQT), Br) (namely Cr) equals that over all admissible (4, C,Gr). In other words, we have

Lemma 2.

Cr(P) = Crz(P). (4.40)

Proof: Note that Cr 1 is the maximum rate over all admissible (4, C, Gr) with € R(+)>(T+1),
|
This lemma implies that the general coding structure with an extra constraint T = n
becomes the CP structure, that is, in the CP structure, the dimension of A is equal to the
horizon length. One advantage of considering the general coding structure is that we can allow
T # n, which makes it possible to increase the horizon length to infinity without increasing the
dimension of A, a crucial step towards the Kalman filtering characterization of the feedback

communication problem.
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4.4.4 The presence of Kalman filter

We first compute the mutual information in the general coding structure.

Proposition 2. Consider the general coding structure in Fig. 4.3. Fiz any 0 <n < T, and
fix any A, C, and Gr. Then it holds that

IW;yh) = I(rT;yh)
= T -y
= 1logdet KZST) - (441)
= Lllogdet(I+ Z7 K" z5Y)
= llogdet(I + Z5'TT"Z:Y),
which is independent of Gp.
Proof:
IW;y") = h(y") - h(y"IW)

= M) -k (I - 2567 (Ep T + NT)W)

® Llogdet(2rek{")) — h(NT)

D 7aroym

= %log det Kl(,T)

= llogdet(I + 27 K\ 25V,

(4.42)

where (a) is due to T = IT'W, det(AB) = det Adet B, and det(I — Z7'Gr)™* = 1; and (b)
follows from [28]. n

Proposition 2 implies that I(W;y”) is independent of the feedback generator Gr, and
dependent only on KT(T) or equivalently on (A, C). Thus, fixed (A, C) implies fized information
rate, and hence the optimal feedback generator has to be chosen to minimize the average
channel input power, which turns out to contain a Kalman filter. Note that the counterpart of
this proposition in infinite-horizon was proven in [28]. Now we can define, for a fixed (4, C),
the information rate across the channel to be

IWiy")

Rp(A,C) = T 1

(4.43)

The optimal feedback generator for a given (A, C) is found in the next proposition.
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Proposition 3. Consider the general coding structure in Fig. 4.8. Fiz any0 <n <T. Then

i)

inf Eul'uT

ACGr=03(AC) T+1 (4.44)
st. Rp(A,C)>R

Prp(R) =

where G1.(A, C) is the optimal feedback generator for a given (4, C), defined as

G1(A,C) = arg EuT'u”. (4.45)

inf —_—
(A,C) fixedgr T +1

@) The optimal feedback generator G1.(A, C) is given by
Gi(A,C) = =Gi(A,C)I - 27'G(4,C) 7, (4.46)

where g}(A, C) is the strictly causal MMSE estimator (Kalman filter) of ¥ given the noisy

observation T = Zr_,Ter +NT e,

= 1 ~ o~
*(A.CY = inf E T _ =T\ T __ =T\!
G1(4,C) B iy T (r" = Gry ) (r" —Gr7" ), (4.47)
where (jT 18 strictly lower triangular. See Fig. 4.5 for the associated estimation problem, Fig.

4.6 (a) for the Kalman filter Q\}(A,C), and (b) for-the optimal feedback generator G1-.(A,C).

unknown source channel 7 estimator

(a)

Figure 4.5 An estimation problem over channel F.

Remark 6. Proposition 3 reveals that, the minimization of channel input power in o feedback
communication problem is equivalent to the minimization of MSE in an estimation problem.
This equivalence yields a complete characterization (in terms of the Kalman filter) of optimal

feedback generator G1.(A,C) for a given (4,C).
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Kalman filter G

(2)
97(A,C)

4
Yt €t 7t
G l (4,L1,-C,0)

(F\ L2, H,0)] 5

]

(b)

Figure 4.6 (a) The Kalman filter @}(A, C). (b) The Kalman filter based
feedback generator G5.(A4, C). Here (A, L1, —C,0) with Z; de-
notes a state-space representation with Z; being its state at time
t, and %o being 0; see (4.57) and (4.60) for Ly ; and La;.

Remark 7. Proposition 3 i) implies that we may reformulate the problem of Cry (or Pry)
as a two-step problem: In step 1, we fix (A,C), i.e. fizing the rate, and minimize the input
power by searching over G; and in step 2, we search over all possible (A,C) subject to the
rate constraint. The role of the feedback generator G for any fized (A,C) is to minimize
the input power. Then #) solves the optimal feedback generator G1.(A,C) by considering the
equivalent optimal estimation problem in Fig. 4.5 whose solution is the Kalman filter. Notice
that the Kalman filter can also give us the optimal estimate of the message W. Hence, the
Kalman filter leads to both power efficiency and the best estimate of the message. We finally
note that the necessity of the Kalman filter is not surprising given the previous indications in

[106, 6, 102, 116, 83], etc.

Proof: i) Notice that for any fixed (4, C), Rr(A, C) is fixed. Then from the definition of
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Prn(R), we have

P R) = inf - T T
rn(R) A,lc,gT T+1Eu v
s.t. Rp(A,C)>R
= inf inf ~—1—EuT'uT
AC (AC) fixedgr T +1
s.t. Rp(A,C)>R
Then i) follows from the definition of G;.(4, C).
ii) Note that for the general coding structure, it holds that
uT — 7,,T + (—T’AT) — 7nT + gTyT.
Then, letting
Gr = —Gr(I — 25'G7) ™
and g7 := Zr YT 4 NT| we have GryT = —§T§T. Therefore,
1
*( A — inf E T T T TN\
G7(4,0) arglgnTTfl (r" +Gry )(r" +Gry”)
_ inf BT — GriTV (T — GriTY.
arginf 7y (r" =Gry )(r —Gry")

(4.48)

(4.49)

(4.50)

(4.51)

The last equality implies that the optimal solution @} is the strictly causal MMSE estimator

(with one-step prediction) of rT given §r; notice that Gr is strictly lower triangular. It is well

known that such an estimator can be implemented recursively in state-space as a Kalman filter

(cf. [58, 57]). Finally, from the relation between Gr and Gr, we obtain (4.46). The state-space

representation of G7.(4, C) needs only a straightforward computation, as shown in Appendix

A2

Our study on the general coding structure also refines the CP structure. We can now

identify more specific structure of the optimal (KST),BT). Indeed, we conclude that the CP

structure needs to have a Kalman filter inside. We may further determine the optimal form of

Br. From (4.39) and (4.46), we have that

B = —Gr(A,C) 271

(4.52)
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Therefore, to achieve Cp in the CP structure, it is sufficient to search (Kf,T),BT) in the form

of
KT = (1-G5(A,C)Z51T(4,0)0(4,0) (I - G3(A,C) 27

~ (4.53)
By = —GiA,C)ZFN

Additionally, as T tends to infinity, it can be easily shown that {v:} is a stable process in order
to achieve Ceo-

We remark that it is possible to derive a dynamic programming based solution ([116]) to
compute Crp, and if we further employ the Markov property in [136] and the above Kalman
filter based characterization, we would reach a solution with complexity O(T") for computing

Crpn and Cr. This may be pursued elsewhere.

4.5 Finite horizon: Feedback rate, CRB, and Bode integral

We have shown that in the general coding structure, to ensure power efficiency for a fixed
(A,C), we need to design a Kalman-filter based feedback generator. The Kalman filter im-
mediately links the feedback communication problem to estimation and control problems. In
this section, we present a unified representation for the general coding structure (with G be-
ing chosen as G*(4, C)), its estimation theory counterpart, and its control theory counterpart.
Then we will establish connections among the information theory quantities, estimation theory

quantities, and control theory quantities.

4.5.1 Unified representation of feedback coding system, Kalman filter, and MEC

In this subsection, we will present the dynamics for the estimation problem and the general
coding structure, then show that they are governed by one set of equations, which may also
be viewed as a control system.

The estimation system

The estimation system in Fig. 4.5 consists of three parts: the unknown source r to be
estimated or tracked, the channel F (without output feedback), and the estimator which we

choose as the Kalman filter G*; we assume that (A,C) is fixed and known to the estimator.
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The system is described in state-space as

p
Ti41

Tt
St41
o Ut
estimation system: <
Ti+1
Tt
St41

€t

\

A:L‘t
C’:vt

th + GTt

Hs +r:+ N;

AZy + Ly zes

Czy

th + Gy + Lg’tet

Yt — Hsg — 74

} unknown source

} channel F

N

(4.54)

» Kalman filter é*(A, C)

with zo := W, 39 := 0, 5 := 0, and %y := 0. Here Li; € R™*! and Ly; € R™ are the

time-varying Kalman filter gains specified in (4.59).

The general coding structure with the optimal feedback generator

The optimal feedback generator for a given (A, C) is solved in (4.46), see Fig. 4.6 (b) for

its structure. We can then obtain the minimal state-space representation of G1.(4, C), and

describe the general coding structure with G}.(A4, C) as

¢

general coding structure: <

Tl
Tt
Ut

St41

Ax;

Cxy

Ty — Tt

Fsi + Guy
Hsi 4 ug + Ny
F5; 4+ Lyze;
ye — H$,

Az + Ly e
—-Ciy

encoder

} channel F

optimal feedback generator

(4.55)

with z¢ := W, sg := 0, §9 := 0, and &y := 0. See Appendix A.2 for the derivation of the

minimal state-space representation of G1.(A,C). It can be easily shown that rs, 7, e, z:, and

#; in (4.54) and (4.55) are equal, respectively, and it holds that

St—§t=§t_§t-

(4.56)
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The unified representation

Define
:E‘t = J)t—.’f’}t
§t = St—§t=§t—§t
-:f,‘t
Xy =
-gt
w
X =
=0
Ao (4.57)
A =
| GC | F
C = [C H]
D = [C 0]
Lt -
Loy

Note that X; is the estimation error for [z}, s;]. Substituting (4.57) to (4.54) and (4.55), we

obtain that both systems become

Xt—l—l = (A - LtC)Xt - LtNt = AXt - Ltet
control system: { ¢, = CX;+ N (4.58)
Uz = DXy

see Fig. 4.7 for its block diagram. It is a control system where we want to minimize the
power of u by appropriately choosing L;. This is an MEC problem, which is useful for us to
characterize the steady-state solution and it is equivalent to the Kalman filtering problem (see
[67]).

The signal e; in (4.58) is called the Kalman filter innovation or innovation , which plays
a significant role in Kalman filtering. One fact is that {e;} is a white process, that is, its
covariance matrix KéT) is a diagonal matrix. Another fact is that el and yT determine each
other causally, and we can easily verify that h(eT) = A(yT) and det KgsT) = det KéT). We
remark that (4.58) is the innovations representation of the Kalman filter (cf. [57]).

5The innovation defined here is different from the innovation defined in [17] or [136].
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It lW

(A1 —Ll,ty c, 0)

I L I
I 2,tl et

‘Figure 4.7 'The block diagram for the MEC system. Here the block
(A,—Ly 4, C,0) with Z; denotes the state-space representation
with Z; and W being its state at time ¢ and at time 0.

For each t, the optimal L; is determined as

Ll,t L AEtC’

Ly = (4.59)

where Z; 1= EX¢X}, K¢ := E(e:)? = CE:C’ + 1, and the error covariance matrix X; satisfies

the Riccati recursion

AY,C'CY A
T = AT A - 2T T .
t+1 t 5,0 11 (4.60)
with initial condition
Iny1 O
Yo = , (4.61)
0 O

This completes the description of the optimal feedback generator for a given (4, C).

The meaning of a unified expression for three different systems (4.54), (4.55), and (4.58) is
that the first two are actually two different non-minimal realizations of the third. The input-
output mappings from N7 to e in the three systems are T-equivalent (see Appendix A.2).
Thus we say that the three problems, the optimal estimation problem, the optimal feedback
generator problem, and the MEC problem, are equivalent in the sense that, if any one of the
problems is solved, then the other two are solved. Since the estimation problem and the control
problem are well studied, the equivalence facilitates our study of the communication problem.
Particularly, the formulation (4.58) yields alternative expressions for the mutual information

and average channel input power in the feedback communication problem, as we see in the
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next subsection.

We further illustrate the relation of the estimation system and the communication system
in Fig. 4.8: (b) is obtained from (a) by subtracting #; from the channel input and adding
Zr 7, back to the channel output, which does not affect the input, state, and output of G\r} It
is clearly seen from the block diagram manipulations that the minimization of channel input
power in feedback communication problem becomes the minimization of MSE in the estimation
problem. This is indeed the extension of how we obtained a Kalman filter based coding scheme

from a Kalman filtering system in the AWGN case to the general Gaussian channel case.

(b)

Figure 4.8 Relation between the estimation problem (a) and the commu-
nication problem (b).

4.5.2 Mutual information in terms of Fisher information and CRB

Proposition 4. For any fited 0 <n < T and (4,C), it holds that
i)
1 1<
IWiy") = Zlogdet KT = >3 log Koy

t=0

T
1
= 3 Z log(Cx:C' + 1)
| =0 (4.62)
= = logdet MMSE;;/;

= —logdetZw,r
= 3 log det CRBy; i
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T+1
1
= 7r 1trace(CMMSET,T) (4.63)

T
= L3 CA'MMSEy,4"C’,
t=0

T
1
Prn(4,0) = > DrD
=0

T+1

where MMSEw, 1s the minimum MSE of W, CMMSE, 1 is the causal minimum MSE of rT,
Iw is the Bayesian Fisher information matriz of W for the estimation system (4.54), and

CRBw,r is the Bayesian CRB of W [123].

Remark 8. This proposition connects the mutual information to the innovations process
and to the Fisher information, (minimum) MSE, and CRB of the associated estimation prob-
lem. As a consequence, the finite-horizon feedback capacity Cry, is then linked to the smallest
possible Bayesian CRB, i.e. the smallest possible estimation error covariance. Thus the funda-
mental limitation in information theory is linked to the fundamental limitation in estimation
theory. As in the AWGN case, we notice that the Fisher information, an estimation gquantity,
indeed has an information theoretic interpretation as its name suggests. In fact, the connection
between mutual information and MMSE holds independent on how the feedback generator is

designed, and hence it holds for both feedback communication and feedforward communication.

Proof: i) First we simply notice that A(y”) = h(e”), and K. = CZ;C’ + 1. Next, to find
MMSE of W, note that in Fig. 4.5

g" = Z27'TW + N7 (4.64)
and that W ~ N(0,1), NT ~ N(0,I). Thus, by [58] we have
MMSEw; = (I + V27V 27111, (4.65)
yielding

det MMSEVV,t = det(] 4 Z;lI‘PIZEII)—l

(4.66)
= det(I + Z7 KM EZY) L

Besides, from Section 2.4 in [123] we can directly compute the FIM of W to be (I+IVZ, b Z5 .
Then i) follows from Proposition 2 and (4.58).
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il) Since uy = DXy = C%; = ry— 7 and Bz E, = AMMSEw ;AY, we have E(u;)? = DI, =
CEz:7,C’' = E(r; — 7)?, and then ii) follows. |

Corollary 1. For any fized 0 <n <T and (A,C), it holds that

d v 1
Proof: By
1
IW;yT) = 5 log det MMSEy 7 = %log det Iy, (4.68)
we derive
4wy = L)t = Lvvse 469
dIVV,T 'Y - 2 w,T = 2 Wity ( . )
based on the matrix differentiation formula proven in [2]. N

We can also compute that in the m = 0 or m = 1 case, the effective SNR equals (Zw,r — 1),

which leads to that
d

1

Ty = 2
dSNRI(W’ y) 2MMSEmt, (4.70)
the formula linking mutual information and MMSE obtained by Guo, Shamai, and Verdu [51].
Though in our case, the input distribution is Gaussian, more restrictive than theirs assumption

of arbitrary input distributions, our formula holds for some colored Gaussian noise channels.

We wish to study this problem in full generality; this is subject to ongoing research.

4.5.3 Necessary condition for optimality

Before we turn to the infinite-horizon analysis, we show in this subsection that our general
coding structure together with the optimal feedback generator satisfies a “necessary condition
for optimality” discussed in [60]. The condition says that, the channel input u; needs to be
orthogonal to the past channel outputs y*~!. This is intuitive since to ensure fastest transmis-
sion, the transmitter should not transmit any information that the receiver has obtained, thus
the transmitter wants to remove any correlation of 3! in u; (to this aim, the transmitter has

to access the channel outputs through feedback).
Proposition 5. In system (4.55), for any 0 < 7 < t, it holds that Eusy, = 0.

Proof: See Appendix B.1. | |
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4.6 Infinite horizon: Asymptotic behavior of the system

By far we have completed our analysis in finite-horizon. We have shown that the optimal
design of encoder and decoder must contain a Kalman filter, and connected the feedback com-
munication problem to an estimation problem and a control problem. Below, we consider the
steady-state communication problem, by studying the limiting behavior (7" going to infinity)

of the finite-horizon solution while fixing the encoder dimension to be (n +1).

4.6.1 Convergence to steady-state

The time-varying Kalman filter in (4.58) converges to a steady-state, namely (4.58) is
stabilized in closed-loop, u;, €;, and 3 will converge to steady-state distributions, and X, Ly,
Gr(4,0), Gy, and K. 1 will converge to their steady-state values. That is, asymptotically (4.58)

becomes an LTT system

Xt_|.1 = (A - L(C)Xt - LNt = AXt - Let

steady-state: ¢ ¢, = CX;+ N, (4.71)
Ut = DXt)
where
AXC
L= ' 4.72
e (4.72)

K, =CXC'+ 1, and X is the unique stabilizing solution to the DARE

AXC/CTA’
_— I — ———————— e
S=ATA - o5 (4.73)

This LTI system is easy to analyze (e.g., it allows transfer function based study) and to
implement. For instance, the MEC of an LTI system claims that the transfer function from N

to e is an all-pass function in the form of

k )
z—
Tve(z) =[] = (4.74)
=07 T %
where ap, - -+, ax are the unstable eigenvalues of A or A (noting that F' is stable). Note that

this is consistent with the whiteness of innovations process {e;}.
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The existence of steady-state of the Kalman filter is proven in the following proposition.
Notice that (4.58) is a singular Kalman filter since it has no process noise; the convergence of

such a problem was established in [44].

Proposition 6. Consider the Riccati recursion (4.60) and the system (4.58).

i) Starting from the initial condition given in (4.61), the Riccati recursion (4.60) generates
a sequence {3} that converges to Lo with rank (n+ 1), the unique stabilizing solution to the
DARE (4.73).

i) The time-varying system (4.58) converges to the unique steady-state as given in (4.71).

Proof: See Appendix B.2. | |

4.6.2 Steady-state quantities

Now fix (A, C) and let the horizon T in the general coding structure go to infinity. Let
DI(4) := [IF,lai] be the degree of instability of A and S(e/?™®) be the spectrum of the
sensitivity function of system (4.71) (cf. [28]). Then the limiting result of Proposition 4 is

summarized in the next proposition.

Proposition 7. Consider the general coding structure in Fig. 4.8. For anyn > 0 and (A, C),

i) The asymptotic information rate is given by

) 1
Roon(4,C) = Tll_I)lgoT—_*_lI(W;yT)

= h(e) — %log 27e
= log DI(A)

1
= /21 log S(e72"%)dg
1.2 ) (4.75)
= —log(CEC +1)
log detZw

. logdet MSEw, 7

e 2(T+1
log det CRBw,T
= — 111N .
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it) The average channel input power is given by

1
P, A = 1
won(4,C) = lim Z s Burug (4.76)
- DD

Remark 9. Proposition 7 links the asymptotic information rate across the channel to the
entropy rate of the innovations process, to the degree of instability and Bode sensitivity integral
([28]), to the asymptotic increasing rate of the Fisher information, and to the asymptotic
decay rate of MSE and of CRB. Recall that the Bode sensitivity integral is the fundamental
limitation of the disturbance rejection (control) problem, and the asymptotic decay rate of CRB
is the fundamental limitation of the recursive estimation problem. Hence, the fundamental

limitations in feedback communication, control, and estimation coincide.

Remark 10. Proposition 7 implies that the presence of stable eigenvalues in A does not affect
the rate (see also [28]). Stable eigenvalues do not affect Poo n(A,C), either, since the initial
condition response associated with the stable eigenvalues can be tracked with zero power (i.e.
zero MSE). So, we can achieve Coopn by a sequence of purely unstable (A,C), and hence the
communication problem is related to the tracking of purely unstable source over a communica-

tion channel (102, 28]).

Proof: Proposition 7 leads to that, the limifs of the results in Proposition 4 are well

defined. It also holds that

Roon(4,C) = lim T+1)ZlogKet

= lim §log K (4.77)

T—oc0

= h(e) — §log 2me,

where the second equality is due to the Cesaro mean (i.e., if ax converges to a, then the average
of the first k terms converges to a as k goes to infinity), and the last equality follows from the
definition of entropy rate of a Gaussian process (cf. [16]).

Now by (4.74), {e;} has a flat power spectrum with magnitude DI(A)2. Then Ry pn(4,C) =
log DI(A). The Bode integral of sensitivity follows from [28]. The other equalities are the direct

applications of the Cesaro mean to the results in Proposition 4. ’ |
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We finally remark that, if we let the Kalman also perform a smoothing operation to obtain
the optimal estimate £o 7 of xg, it then holds that I(W; yT) = I(zo; &o,r), which follows from

data processing inequality and that £o 7 is sufficient statistics. This further yields that

. 1 2
Ry 'n.(A7 C) = Tlilgo T__i_—lI(Wa WT)7 (478)

that is, the information rate across the channel is also equal to the end-to-end mutual infor-

mation rate.

4.7 Infinite horizon: Achievability of asymptotic feedback capacity

In this section, we will prove that Co -1 = Cx, leading to the optimality of our en-
coder/decoder design in Section 4.3 in the mutual information sense, and then show that our

design achieves C in the operational sense.

4.7.1 Asymptotic feedback capacities

If the noise in the colored Gaussian channel forms a (an asymptotic) stationary process,
then Cr(P) has a finite limit (cf. [60]; the proof utilizes the superadditivity of Cr, similar to
the case of forward communication capacities studied in [43]), which also has the operational

and information meanings. Precisely, we have

Lemma 3. For the colored Gaussian noise channel without ISI defined in Section 4.2.1 or for
the white Gaussian noise channel with ISI defined Section 4.2.2, the infinite-horizon feedback

capacity given by (4.7) is also given by
Coo = lim Cr, (4.79)
T—oo

where Cr 1s the finite-horizon feedback capacity, and the limit exists and is finite.

Proof: See Appendix B.3. [ |
By Lemma 2, the above implies that

lim Crr = Ceo. (4.80)
T—o00
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4.7.2 The optimal Gauss-Markov signalling strategy and a simplification

[136] proved that for each input in the form of (4.6), there exists a Gauss-Markov (GM)
input that yields the same directed information and same input power. The GM input takes

the form

Ut = d;gs,t + &, (481)

where d; € R™ is a time-varying gain; {&;} is a zero-mean white Gaussian process and &; is

independent on N*=!, u~! and y*~!; and &;, is generated by a Kalman filter

Ss,t = 8 — Ssp
Ssp+1 = Fési+ Lsyey (4.82)
et =y — H3sy,
where 5,09 =0,
Sei(H+d) + K9G |
Lsy Qefor(H + ) + Ke (4.83)

1+ EY + (H+d)S,(H +dy)
Q¢ := F + Gdi, and %5, := E5;,3;, is the estimation error covariance of s;, satisfying the

Riccati recursion

(QeSsa(H + ) + KPG) (QiSae(H + dy) + KPGY
1+ K 4 (H + df) S (H + di

ot = QiBss@) + K GG — . (4.84)
If one lets d; = d and K g) = K¢ for all t, that is, the input {u;} is a stationary process,

then the search over all possible d and K¢ solves Cy, that is,

Coo(P) = % log(1 + Ke + (H + d)Zo(H + d')) (4.85)

max
deR™ KeeR

subject to DARE constraint and power constraint

_ QYs(H+dY +Ke G QE,(H+d' ) +Ke G
By = QUQ + KeGG — (L2 e (@R, (1 +a) +1C) (436

P = dT,d+ K.

We remark that [136] was focused more on the structure of the optimal input distribution and
capacity computation, instead of designing a coding scheme; how to encode/decode a message

(rather than using a random coding argument) is not clear from [136].
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Now we prove that K¢ = 0, namely {&;} vanishes in steady-state. ® This leads to a further

simplification of the results in [136].
Proposition 8. For the GM input (4.81) to achieve Cwo, it must hold that Kg = 0.

Proof: See Appendix B.4. [}
The vanishing of {&:} in steady-state helps us to show that, our general coding structure
shown in Fig. 4.3 can achieve Cy, and the encoder dimension needs not be higher than the
channel dimension, namely to achieve Cs, we need A to have at most m unstable eigenvalues,

as we will see in the next subsection.

4.7.3 Generality of the general coding structure; finite dimensionality of the op-

timal solution

In this subsection, we show that the general coding structure is sufficient to achieve mutual
information Ce. In other words, if we search over all admissible parameters A, C,Gr in the
general coding structure, allowing T to increase to infinity and n to increase to (m — 1), then
we can obtain Co,. Thus, there is no loss of generality and optimality to consider only the

general coding structure with encoder dimension no greater than m.

Definition 3. Consider the general coding structure in Fig. 4.3. Let

1
Coon i= Coon(P) = su lim ——I(W;yT 4.87
oo,n OO:'n( ) AeR(n—}-l)x(E—{-l),C,gm T—o0o T + 1 ( y ) ( )
subject to
: 1 T, T
= <P. .
Foon Th—{%o T+ lEu v sP (4.88)

In other words, C n, is the infinite-horizon information capacity for a fixed transmitter
dimension. Note that Cy n, exists and is finite. To see this, note Proposition 7, Coon < Coo <

00, and the fact that

Coon(P) = sup Ron(A,C). (4.89)
AERm+1DX(n+1) O G* (A (C),(4.88)

The function Coon(P) also induce P (R), the “capacity” in terms of minimum input power

subject to an information rate constraint.

6 K¢ = 0 was also conjectured and numerically verified by Shaohua Yang (personal communication).
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Proposition 9. Consider the general coding structure in Fig. 4.3.
i) Coon 15 increasing in n;

it) For channel F with order m > 1, Coopp = Coo for n > m — 1.

Proof: See Appendix B.5. [ |
This proposition suggests that, to achieve C, we may first fix the transmitter dimension
as (n+1) and let the dynamical system run to time infinity, obtaining Cw 1, and then increase
n to (m —1). The finite dimensionality of the optimal solution is important since it guarantees

that we can achieve Cs, without solving an infinite-dimensional optimization problem.

4.7.4 Achieving asymptotic feedback capacity

In this subsection, we prove that our coding scheme achieves Cy, in the information sense

as well as in the operational sense.

Proposition 10. For the coding scheme described in Theorem 2, Roopn+(A*,C*) = Coo(P)
and Poop+ (A%, C*) = P.

Proof: See Appendix B.6. [ |

Proposition 11. The system constructed in Theorem 2 transmits the analog source W ~
N(0,I) at a rate Coo(P), with MSE distortion D(Cuo(P)), where D(-) is the distortion-rate

function.
Proof: See Appendix B.7. [ |

Proposition 12. The system constructed in Theorem 2 transmits a digital message W from
the transmitter to the receiwer at a rate arbitrarily close to Coo(P) with PEr decays doubly

exponentially.

Proof: See Appendix B.8. [ |
Note that, the coding length needed for a pre-specified performance level can be pre-
determined since 7 ;- can be solved off-line. Besides, because the probability of error decays

doubly exponentially, it leads to much shorter coding length than forward transmission.
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4.8 Numerical example

Here we repeat the numerical example studied in [136]. Consider a third-order channel (i.e.

m = 3) with
140.5271 —0.4272
z71.= . .
1+0.6272—-0423 (4.90)
In state-space, Z7! is described as (F, G, H,1) where
0 —-0.6 04 1
F = 1 0 0 G = 0
(4.91)
0 1 0 0
H = [05 -1 04].

Assume the desired communication rate R is 1 bit per channel use. We first solve (4.11) with
n=m—1= 2, and find out n* = 1. That is, C is attained when A has two unstable

eigenvalues. Then we solve (4.11) again with n* = 1, and obtain

0 1
A =
~2 —0.887 (4.92)

L* = [-0.506 —0.225 0.573 0.092 -0.327].

This yields the optimal power Py, = 0.743 (or -1.290 dB). Similar computation generates
Figure 4.9, the curve of Cy against SNR or equivalently P. This curve is identical to that
in [136].

We then use the obtained A*, C*, and L* to construct the optimal communication scheme.
However, we observe that the optimal communication scheme shown in Fig. 4.2 generates
unbounded signals {r;} and {#:} due to the instability of A. This is not desirable for the
simulation purpose, though the scheme in the form of Fig. 4.2 is convenient for the analysis
purpose. Here, we propose a modification of the scheme, see Fig. 4.10. It is easily verify that
the system in Fig. 4.10 is T-equivalent to that in Fig. 4.2. As we indicate in Fig. 4.10, the loop
including the encoder, the channel, and the feedback link is indeed the control setup, which is
stabilized and hence any signal inside is bounded. Note that the encoder now involves Z_;; we
set £_1 := AW, leading to % := W, the desired value for Z.

We report the simulation results using the modified communication scheme with the optimal
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rate (bits/channel use)

0.5¢
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SNR (dB)

Figure 4.9 The feedback capacity Co and feedforward capacity for channel
F with 271 = (1 +0.5271 = 0.4272) /(1 + 0.6272 — 0.4273).

parameters given in (4.92). Fig. 4.11 (a) shows the convergence of Zo; to zp, in which
zo = [-0.2,—-0.7)'. Fig. 4.11 (a) also shows the time average of the channel input power,
which converges to the optimal power Py, = 0.743. To compute the probability of error, we
let € = 0.2, i.e., the signalling rate is equal to 0.8Cs. We demonstrate that this signalling rate
is achieved by showing that the simulated probability of error decays to zero, see Fig. 4.11
(b). Fig. 4.11 (b) also plots the theoretic probability of error computed from (B.50), which
is almost identical to the simulated curve. In addition, we see that the probability of error
decays rather fast within 28 channel uses. The fast decay implies that the proposed scheme
allows shorter coding length and shorter coding delay; here coding delay measures the time

steps that one has to wait for the message to be decoded at the receiver with small enough

error probability.

4.9 Summary

This chapter is a non-trivial generalization of the perspective of unified information, esti-
mation, and control obtained in the AWGN case in Chapter 3. We presented a coding scheme
to achieve the asymptotic capacity Cy for a Gaussian channel with feedback. The scheme is
essentially the Kalman filter algorithm, and its construction involves only a finite dimensional

optimization problem. We established connections of feedback communication to estimation
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channel 7 decoder

encoder

control setup

Figure 4.10 The modified feedback communication scheme.

and control. We have seen that concepts in estimation theory and control theory, such as

MMSE, CRB, MEC, etc., are useful in studying a feedback communication system. We also

verified the results by simulations.
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Figure 4.11 (a) Convergence of £o; to g, and convergence of the average
channel input power. (b) Simulated probability of error and
theoretic probability of error.
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CHAPTER 5. TIME-SELECTIVE FADING GAUSSIAN CHANNELS
WITH CHANNEL STATE INFORMATION AND FEEDBACK

5.1 Introduction

In this chapter we study time-selective fading Gaussian channels with feedback. The time-
selective fading is usually modeled as Markov chains, and there have been many achievements
in the study of Markov channels; see e.g. [46, 47, 7, 125, 89, 137] and references therein. [46]
obtained the capacity of a finite-state Markov channel (FSMC) with known channel transition
structure but without CSI. [47] solved the capacity of a Markov channel with instantaneous
CSI at both the transmitter (or encoder) and receiver (or decoder), or at the receiver only. [7]
investigated the capacity of a Markov channel with possibly imprecise or delayed CSI. [125]
provided the capacity of an FSMC with CSI delayed at the transmitter side and instantaneous
at the receiver side (DTRCSI). It also showed that, for a channel with DTRCSI, the access to
the channel output by the transmitter via delayed feedback does not increase the capacity. [89]
obtained the delay-constrained capacity for a flat block-fading channel with causal feedback.
The above papers are mainly focused on Markov channels without ISI, namely the channel
state at each time is independent of the channel inputs up to that time. For ISI channels with
output feedback, [137] characterized the capacity and capacity-achieving distribution.

In this chapter, we present a capacity-achieving communication scheme for an FSMC with
AWGN, under the assumption of delayed noiseless output feedback and DTRCSI. We consider
the case where there is no ISI. Although the access to channel outputs by the transmitter
cannot improve capacity in this scenario (as proven in [125]), we show that the proposed scheme
utilizing output feedback leads to simpler encoders and decoders, shortens coding delays, and
leads to doubly exponential decay of the probability of decoding error, while achieving the
feedback capacity.

The proposed communication scheme over an FSMC with output feedback is a nontriv-



85

ial extension of, first, the optimal feedback scheme over an AWGN channel, and second, the
optimal forward scheme over an FSMC ([47, 125]). In essence, our optimal feedback commu-
nication design for an FSMC consists of a set of decoupled subsystems in parallel, and the
subsystems are multiplexed to share the forward channel according to the channel state evolu-
tion. This introduces to the feedback communication system the ability to adapt its operations
to the channel variation, which is a crucial step towards obtaining the optimal (in the sense
of achieving the Shannon capacity) feedback communication design for time-varying channels.
Though the multiplexing idea was widely studied in forward communication ([47, 125]), it has
not received sufficient attention in the feedback communication literature. In this chapter, we
show that multiplexing according to channel variation will eventually lead to the optimality
in feedback communication. However, the presence of (delayed) output feedback considerably
complicates the multiplexing design: In forward communication, the subsystems are naturally
decoupled from each other (which greatly simplifies the analysis and design), whereas in feed-
back communication, the decoupling of subsystems needs to be guaranteed through careful
design. It turns out that in the feedback case, each subsystem needs to be appropriately
designed to depend on “augmented” channel states, and consequently, our transmitter needs
to switch among m? possible sets of parameters in the case of m channel states with one-
step delayed output feedback. Note that this is rather different from the multiplexing design
in forward communication, whose transmitter switches among m possible sets of parameters
([47, 125]). In summary, the proposed feedback communication scheme over an FSMC nontriv-
ially combines the Schalkwijk-Kailath feedback design and the forward multiplexing design,
and is among the first to achieve the feedback capacity by extending the idea of Schalkwijk
and Kailath.l

On the other hand, the proposed communication scheme is associated with a Markov jump
linear control system over an FSMC: The achievable rate of the former equals the expected
open-loop growth rate of the latter if the latter is stabilized in closed-loop, and the optimal
channel input power of the former corresponds to the MEC design of the latter. Namely, the
optimality in both systems coincide. As a byproduct, we obtain the solution to the MEC over
an FSMC. Due to its simplicity, the utilization of control system facilitates our development
of the main results. Alternatively, we can also associate the communication problem to a

time-varying Kalman filtering problem, in which the time-varying parameters of the to-be-
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estimated process are known to the estimator. Thus, we see that this study reveals the intrinsic
connections among the communication problem over a Markov channel with output feedback,
the estimation problem over the same channel, and the control problem of feedback stabilization
over the same channel, and it fits into the framework of investigating the interactions among
information, estimation, and control.

Our coding design simplifies when the channel states form an i.i.d. process taking a finite
number of values, which requires only a simple first-order transmitter and receiver. We also
show that the design extends to the case when the channel states are i.i.d. taking an infinite
number of values, which includes as special cases the widely used Rayleigh, Rician, Nakagami,
and Weibull fading channel models.

In addition to leading to the information theoretic results as described above, our study
also reveals the confluence of information and control. Particularly, the proposed optimal
communication system is associated with a Markov jump linear control system over an FSMC
(cf. e.g. [15] for optimal control of Markov jump linear systems): The achievable communica-
tion rate in the former system equals the expected open-loop growth rate in the latter system
if the latter is stabilized in closed-loop, and the optimal channel input power of the former
corresponds to the minimum-energy control (MEC) design of the latter (cf. [67, 28, 73] for
MEC over time-invariant channels). Thus, the optimality in both systems coincides. Due to
the simplicity of the associated control system, the utilization of the control based approach
facilitates our development of the main results; indeed, the design of the multiplexing com-
munication scheme based on augmented channel states can be derived by studying the MEC
of the Markov jump control system. Alternatively, we can also associate the communication
problem to a time-varying Kalman filtering problem, in which the time-varying parameters of
the to-be-estimated process are known to the estimator. This approach may be extended to
more general scenarios. In summary, this study reveals the intrinsic connections among the
communication problem over a Markov channel with output feedback, the estimation problem
over the same channel, and the control problem of feedback stabilization over the same channel,
and it fits into the framework of investigating the interactions among information, estimation,
and control.

This chapter is organized as follows. Section 5.2 introduces the channel model and the

problem we want to solve. Section 5.3 provides the description of the proposed feedback
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scheme. This scheme is shown to achieve the capacity in Section 5.4. In Section 5.5 we present
a numerical example. Finally we summarize this chapter.

Notations of this chapter: We introduce some special notations in this chapter, to better
represent vectors and their components, which are extensively used in this chapter. We use
boldface letter z for a vector, and = for the sth element of vector z. Note that (4,)™ is the

(m)

mth power of A,, A, is a vector at time n, and A;, ’ is the mth element of vector A,,. We use

a[l],a[2],-- - to represent a collection of fixed numbers.

5.2 Channel Model

Fig. 5.1 (a) shows an FSMC with AWGN, for short, AFSMC. At time ¢, this discrete-time

channel H is described as
H: yt_=Stut+Nt, fort=0,1,2,---, (51)

where u; is the channel input, S; is the channel state, IV; is the channel noise, and y; is the
channel output. These variables are real-valued. The noise {/V;} is independent Gaussian with
zero mean and unit variance. The channel state S; is independent of the channel input uf)_l
and output y5~! when conditioned on the previous states. Furthermore, {S;} is a stationary,
irreducible, aperiodic, finite-state homogeneous Markov chain and hence is ergodic. The one-

step transition probability is
pij == Pr(St = s[j]|St-1 = s[i]), fort=0,1,2,---,

where 4,5 = 1,2,---,m; m is the number of states of the Markov chain; and s[z] is a fixed
number for each 7. Assume that s[i] # s[j] if ¢ # j. Note that s[i] denotes one of the m
states of the Markov chain, and also represents the associated channel gain if the channel is in
that state. Denote the stationary distribution vector of the Markov chain (which by ergodicity

exists and is unique) as 7w := [7[1], 7[2], - - -, w[m]].

Definition 4. i) Define the set of all possible channel state sequences {S;} as Q, i.e.,

Q= {{$:}}. (5.2)
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i) Define the set of all possible channel state sequences St as s, i.e.,
Q= {5}. (5.3)

i) Define the typical set of sequences {S;} as

Qryp = {{St}

n(j,t) , (5,1, t) .
Tl 7] @nd G0 — pjrast— o0 (5.4)

where for a given channel state sequence {S:}, n(j,1,t) is the number of transitions from
channel state s[j] to channel state s[l] up to time t; and n(j,t) == Y o n(j,l,t). * FEach

sequence in Qryp is called a typical sequence.

By ergodicity of {S;}, it holds that Pr(Qryp) = 1. Hereafter, by “with probability one”

we mean “for every channel state sequence {S;} € Qryp” or “for every typical sequence”.
y q 1 y typ q

e channel #| bt
encoder > S, » decoder
A t St
Ny '
Ut Yt V-1 1 Ut
St St—1 St
(a) (b)

Figure 5.1 (a) An AFSMC H. (b) An AFSMC with DTRCSI and output
feedback.

We mainly focus on the case of one-step-delayed transmitter-side and instantaneous receiver-
side CSI, denoted DTRCSI. See Appendix C.7 for the multi-step delay case. We also allow the
transmitter to have access to the one-step-delayed channel outputs, i.e., the receiver at time
t having observed y* will compute v; (depending only on 3?) and feed back v; along with S;
to the transmitter with one step delay. In other words, the channel input u; can depend on
St=1 and v*~1. See Fig. 5.1 (b). Note that the above defined AFSMC has a discrete channel
state but continuous channel input, noise, and output (in contrast to the discreteness of FSMC

inputs and outputs in [46, 47, 7, 125, 89, 137], with the notable exception of some parts in

! To simplify notations, we do not specify the dependency of n(4,1,t) on the given sequence {S:} here.
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[125]). This channel may be used in modeling the following cases and their generalizations.
For one, the channel is subject to both erasure (i.e. discrete channel states) and AWGN (i.e.
continuous noise), and the erasures may exhibit either independence or certain time correlation
(e.g. forming a 2-state Markov chain). The erasure in this case may be due to some environ-
mental changes (such as buffer overflows) and is likely to exhibit certain time correlation (e.g.
forming a 2-state Markov chain). For another, a channel is subject to bursty noises with dif-
ferent noise variances, and the occurrence of bursty noises forms a finite-state Markov chain.
The well-known Gilbert-Elliot channel with AWGN falls into this category. We remark that
the assumption on the instantaneous, prefect CSI at the receiver side, though often assumed
in the literature (see [47, 120, 125], etc.), is not quite realistic (especially in the fast fading
case); we employ this assumption in order to simplify the analysis and to gain some conceptual
understandings of feedback Markov channel problems. A study taking into consideration of
the imperfect CSI will be subject to future work, and our study based on perfect CSI may be
found useful in that study.

For an AFSMC with DTRCSI and output feedback, its capacity subject to the average
channel input power constraint

E, 2 <P (5.5)

is given by

- 1 9
N I‘(-):EI;:?‘%(St)SP §Est’st+1 IOg(l + (St"‘l) F(St))7 (56)

where S; is drawn according to the stationary distribution «r, and I'() is the power allocation
function that maps the channel state S; to the channel input power I'(S;). The above capacity
formula is obtained by invoking Lemma 2 of [125] (with d = 1 and o2 = 1 therein). The optimal
power allocation, denoted 7y(-), is given by the solution of a set of m equations 2 obtained by
applying the Kuhn-Tucker condition (see Appendix B in [125]) and is assumed given throughout
this chapter. The objective of the chapter is to design a transmitter and receiver to achieve

the capacity given in (5.6) for an AFSMC with DTRCSI and output feedback.

2The equations are not linear but the nonlinearity involves fractions only. Hence they can be easily solved
numerically.
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5.3 The proposed feedback communication scheme

In this section, we propose a communication scheme for an AFSMC with DTRCSI and
output feedback. After a brief description of the main idea of our design, we introduce the
communication scheme and its dynamics, followed by a choice of parameters for the proposed
setup. We then explain the encoding and decoding methods. This scheme will be shown to be

capacity-achieving in Section 5.4.

5.3.1 General description of the proposed scheme

We present an informal overview of the proposed scheme before we going into the technical
details. In short, the proposed design can be viewed as one that multiplexes a set of subsystems
with feedback, each of which uses an augmented channel state. In the degenerated case that
the channel is not time-varying, each subsystem simplifies to the one described in previous
chapter for AWGN channels.

Suppose that the Markov channel H has m states. Then our scheme consists of m sub-
systems (each of which is associated with one channel state) sharing the common channel H.
Represent each to-be-transmitted message as an m-dimensional codeword which contains m
sub-codewords, and the m sub-codewords uniquely determines the message. Then let each
subsystem be associated with one and only one sub-codeword (see Sec. 5.3.8 and Fig. 5.6). At
each time epoch, one and only one subsystem is selected to use the forward channel to send
its sub-codeword, whereas all other subsystems do not use the channel.

Note that we would like the sub-codewords to be communicated independently from each
other, which can be ensured if the m subsystems are decoupled. (Recall that the m subsystems
in [47, 125] are naturally decoupled.) We can show that the decoupling is possible if our encoder
makes use of the augmented channel state, which contains two previous channel states, but
impossible (except for the degenerated case that {S;} is i.i.d.) if the transmitter only uses the
immediate previous channel state. To see this, observe that the transmitter at time ¢ does not
have access to S, due to the delay in the feedback link. Therefore, the transmitter cannot
choose the subsystem associated with S; to use the forward channel at time ¢; instead, if the
transmitter chooses the subsystem associated with S;—, to use the forward channel at time £,
then the channel output y; depends on both S;—; and S;. It turns out that the receiver needs

to use the augmented channel state for decoupling, and hence that the transmitter needs to
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use augmented channel state. As we remarked in Section 4.1, this would require a design that
is not a trivial extension of the optimal communication design for feedback AWGN channels or
of the optimal multiplexing design for forward FSMCs. Note that state augmentation is widely
used for control systems with delay. See Sec. 5.3.4 for the details regarding the decoupling of
subsystems.

After we ensure the decoupling, the m sub-codewords are thus multiplexed together at the
transmitter, and demultiplexed at the receiver, in a mutually independent fashion, namely each
sub-codeword is transmitted without the interference from other sub-codewords. The original
message would be successfully recovered if all m sub-codewords are successfully recovered.
Therefore, the average rate of our scheme is the weighted sum of the rates for the subsystems,
with the weights being the probabilities that the subsystems are selected to use the forward
channel. Beside, the decoupling and the MEC design (see Sec. 5.3.5) ensures that the channel
input power at time ¢ depends on (¢ — 1) fade only, and the power of the ith subsystem is
designed to converge to 7(s[7]), which would result in that the average power converges to
the weighted sum of of y(s[i]), the optimal power (see Appendix C.4). To summarize, each
subsystem achieves its Shannon limit by solving the corresponding MEC problem, and the
scheme achieves the Markov channel capacity.

The rest of the section is organized as follows. In Section 5.3.2, we describe the commu-
nication system, i.e. the dynamics of the encoder and decoder. In 5.3.3, we specify a choice
of parameters for the proposed design. We then show that this choice leads to decoupling of
sub-systems in Sec. 5.3.4. In Sec. 5.3.5, we show briefly how we derive the proposed scheme
from the MEC problem. Finally, we introduce the encoding and decoding methods, probability

of decoding errors, and achievable rates.

5.3.2 Coding scheme

Fig. 5.2 shows the proposed communication scheme. In this figure we identify the encoder,
the channel H, and the decoder. We call z; € R™ the encoder state, with zo as the initial
condition. We call £o; € R™ the decoder estimate, which is an estimate of zp at time ¢.
Parameters A € R™*™ L € R™, and ¢ € R™ depend causally on the channel staﬁes, and will
be chosen to reflect the adaptation of the communication strategy to the channel variation.

Since this chapter, we start from the “modified” coding scheme that is numerically stable,



rather than from the one obtained directly from the Kalman filtering system. This leads to

slight change of some notations.

encoder

:
5 A(St-2, 51-1)
,

decoder

i B
-1
1T A(Sj—1,8) 7 L(Se-1. S) > >
3

A 4

=0 4

control setup

Figure 5.2 The communication scheme and the control setup.

At time ¢, t > 0, the system generates signals according to the following dynamics in the

listed order:

where _1 := xg, y—1 = 0,

Tt =
U =

Yt =

o =

A(Si—2, St—1)xt—1 — L(St—2, St—1)yi—1

C’(St_l)il?t

Seur + Nt

=0

(5.7)

t
£o4-1+ [ [ A(Sj-1,85) " L(Se-1, Se)ue,

and o1 = 0. The above recursions will generate a sequence of

receiver estimates {Zo:} that converges to zp, as we will prove in the next section. We can

rewrite the dynamics of the transmitter state z; as

where

x; = Ag(St—2, St—1)Tt—1 — L(St—2, St—1)N¢—1, (5.8)

Ac(St—2,St—1) == A(St—2,St—1) — St—1L(St—2, St—1)c (St—2) ' (5.9)

is the closed-loop matrix for generating ;. Note that (5.8) and (5.9) specifies a control system,

referred to as the control setup, in which we want to minimize the power of u, namely the
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channel input power, by designing L for the given A and e. This is an MEC problem over a
Markov channel, whose solution leads to power efficiency of the proposed scheme and eventually
the capacity-achieving property, as we will see in the rest of the chapter. We also remark that
the somewhat non-intuitive operations (5.7) in the communication scheme are deduced as a

rewrite of the MEC of the control setup (5.8); see Section 5.3.5 for details.

5.3.3 Choice of parameters

Given any P > 0, we choose the parameters in the communication setup as follows. Let
~(-) be the optimal power allocation function computed from [125]. Supposing at time (¢t — 2)

the channel state Si_g = s[j] for some j, we define

A(St._z, St—l) = diag([l, SR a(St_g, St——l); 1,---, 1]) € Rmxm
L(St_z, St—l) = [07 to )07 b(St—Z) St—1)7 0,--+, 0], eR™ (510)
C(St._2) = [0, ---,0, C(St_z), 0,--- ,0]’ € R™,

where a(S;—2, Si—1) is the (4, j)th element of A(S;—2, S:—1), given by

a(St_z, St—l) = \/’)’(St..Q)(St_l)z + 1 3 (5.11)

b(St—2,St—1) is the jth element of L(S;_2,S:-1), given by

b(Si_2, Sp1) = Y(S-2)S-1  _ (Si=2)Si-1
T \/’)’(St—z)(St—l)2 +1  a{St—2,St-1) (5.12)
1 ((S S ) 1 ) .
f— a —2, _ -],
St-1 S AP A

where the last equality is also true for the case S;—1 = 0 if we treat 0/0 = 0; and ¢(S;—2) is

the jth element of ¢(S;—2), given by
C(St_2) = 1. (5.13)

Whenever S, t < 0, is encountered, it is treated as s[1]. Note that a(S:—2,S:—1) = 1 implies
that S;—1 = 0 or v(S¢—2) = 0. Note also that the above choice uses the augmented channel

state (S¢—2,St—1) as we have mentioned in Section 5.3.1.
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5.3.4 Decoupling of states and MEC

To see that the proposed communication system is decoupled under the above choice of
parameters, let us assume S;_o = s[j]. We then obtain that Ag4(Si—g,Si—1) in (5.9) is a

diagonal matrix with (¢,%)th element being 1 if ¢ # 4, and being
a(St—2, Sg—1) + St—1b(St—2, St-1)c(St—2) = a(Sp—2, Sp—1) ™ (5.14)

if ¢ = j. Hence, we have

; a(S_z,S~1 ”11:@ —bS..z,S._l Ni_1 if 1=3 .
e (5.15)
Tty if o #j;
or equivalently in matrix form (noticing that Ay(Si—2,St—1) = A(St—2, St—1)"1)
zy = A(Si—2,St—1)" w11 — L(St—2, St—1)Ni_1. (5.16)
More explicitly,
(1 0 0 0 0| 0
- _ -
s 0 1 0 0o ol
o 0
:cgj) = 0 0 - a(Si—2, St_l)_l «-e 0 il:gj_)l + | b(Si-2,5t-1) N1
: : 0
_ :cgm) | 0 ... 0 1 0 - xéf_n% _
0 0 0 1| 0
) " (5.17)

This illustrates that, conditioned on the channel state sequence {S;}, the evolution of subsystem
of :c,gi) does not involve :c(()l) for any [ # 1. |
Therefore, associated with each channel state s[j], there is one subsystem with transmitter
state (), and the sub-codeword a;(()j ) is transmitted independently from other sub-codewords
throughout, which shows the decoupling of subsystems (see Appendix C.2 for the proof of
decoupling); note that the decoupling is ensured by more complicated design than in the

forward communication case. See Fig. 5.3 for the timeline of subsystems’ operations. Suppose
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Si—g = s[j] and Si—1 = s[l]. Then at time ¢, the jth transmitter state mgj_)l is updated
to a new value acgj ) (by using the feedback channel), whereas all other transmitter states
hold their previous values. In the meantime, the lth receiver estimate :25{1_1 is updated to a
new value :i'(()li (by using the forward channel), whereas all other decoder estimates hold their
previous values. Thus, for each subsystem, typically it goes through this cycle of operations:
holding — updating receiver estimate — updating transmitter state — holding. The transition
is triggered by the channel state one step before, and any two subsystems do not perform
the same updating operation at the same time. That is, our design ensures mutually exclusive

updates among subsystems and hence interaction-free evolution for subsystems. This simplifies

the encoding/decoding processes.

t—2 t—1 t t+4+1 t42
St = sl Si-1 =l Sy = sli] St = s[n] Str1=slp]
f‘t(J—)l updates :ct(l) updates zt(fl)_l updates
to zgj) to mﬁl)-l to mt(fgz
ig,)t_l updates ig’% updates ig"t) 41 Updates
to 35 to 250, 4 to 2591

Figure 5.3 Timeline of the operations. The first row lists the time instants,
and the second lists the channel states. How the encoder states
and the decoder estimates are updated is shown below the time
axis. For each time instant, the encoder states and decoder
estimates not listed here hold their past values.

As a final remark to this subsection, we note that, in Fig. 5.3, though at time (¢ — 1), the
receiver has S;—1, it does not update the subsystem associated with S;—1, namely 3‘38{1_1 remains
as ﬁg’%_z. This is because u;—1 is associated with S;_2 (as ¢;—g chose subsystem associated with
S;_2 to use the forward channel at time (¢—1)). This in turn implies that to ensure decoupling,
the receiver at time (¢ — 1) should defer the update of the subsystem associated with S;—1 until

time ¢.

5.3.5 Minimum-energy control

Equations (5.11)-(5.13) also ensure that, at the time instant when the subsystem for 2() is

activated, the closed-loop eigenvalue of this subsystem locates at the reciprocal of the open-loop
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eigenvalue (see (5.14), in which the open-loop eigenvalue is a(S;—2,S;—1) and the closed-loop
one is its reciprocal), which resembles the MEC design for a Gaussian channel without fading
[67]. The resulting (minimum) power of u;, namely the channel input power, will be computed
in Proposition 15. In this subsection, we brief discuss the MEC problem.

Consider the MEC of the Markov jump linear system shown in Fig. 5.4 (a), in which
A(S;-1,5:) and ¢(Si—1) are given, and L is the controller to be designed to ensure the closed-
loop stability and minimum power of u. The discrete state St is known to the controller at
time t. In the special case that S; is constant throughout, this reduces to the MEC of an LTI
system. If A and C are given according to (5.10), (5.11), and (5.13), then L according to (5.10)
and (5.12) is the optimal choice. To see this, note that the subsystems are decoupled, so each
subsystem acts like an LTI system. Since each subsystem implements the MEC design, it can
be shown that the composite system also minimizes the power of u.

If instead, the choice of A and C is not given but a constraint of A is present, i.e., the
average growth rate of the open-loop system is fixed, then it can be shown that A and C
given in (5.10), (5.11), and (5.13) will lead to the minimum power. Detail computation is
omitted here, but the validity will become clear by combining 1) the relation between the
control problem and the communication problem shown below and 2) the optimality of the
communication problem established in the next section.

In Fig. 5.4 (b) we illustrate how we obtain the optimal communication scheme of Fig. 5.2

from the MEC. By linearity, it holds that
Ty = It + &4, (5.18)

where Z; is the zero-input response (due to initial condition zp), and #; is the zero-state
response (due to external input y§); this is shown in the left part of Fig. 5.4 (b). Note that
—&, can be generated from v} as indicated in the right part of Fig. 5.4 (b). Since z; is bounded

and Z; grows approximately exponentially, it holds that
T & —3y. (5.19)

Therefore, the right part can approximate Z; and hence zy without actually knowing ¢ before-

hand. Then some block diagram transformations lead to the proposed communication scheme
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in Fig. 5.2 which can be used to convey zj.

ut
e(S5¢-1) I—-—PL A i

(2)

.
t

v 2, u Yt =

_>| _L z_lj |2 > c(Si—1) : St "l L I

|

A(St-1, 5t)

(b)

Figure 5.4 (a) MEC of the Markov jump linear system. (b) Intermediate
step towards the optimal communication scheme.

5.3.6 Kalman filtering and state augmentation

In this subsection, we present the Kalman filtering system associated with the feedback
coding system, and illustrate the state augmentation technique.

Fig. 5.5 (a) shows a time-varying process to be estimated. Let us assume that the ¢(S:—1)
vector is forced to use delayed state S;—1. This delay can be “eliminated” by the state aug-
mentation technique, widely used in estimation and control for systems involving delay; see

e.g. [10]. Define the augmented state as
St = [S4-1, 8], (5.20)

then the Markov chain S; with number of states being m induces a Markov chain S; with
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number of states being m?. Let

Yt = [1 0]§t+Nt

E(St) = C(St_l ) .

(5.21)

Then the process involves no delay constraint. We can then easily design the time-varying
Kalman filter for this process; note that the Kalman filtering algorithm works for time-varying
case as long as the time-varying parameters are known to the Kalman filter causally. It is
then relatively simple to figure out the structure of A and ¢ to lead to a decoupled problem,
as we demonstrated for the MEC problem. After we obtain the Kalman filtering system, we
can easily obtain Kalman filter based coding system and finally the numerically stable coding

system described in previous subsections.

= l Kailman filter

Figure 5.5 (a) A process needed to be estimated. The ¢(S;—1) vector is
forced to use delayed state S;—1. (b) A process needed to be
estimated and the Kalman filter. After state augmentation, no
delay is involved.
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5.3.7 Assumptions

In what follows, the choice of parameters according to (5.10)-(5.13) and Assumptions A1)
and A2) are assumed unless otherwise specified:

A1) y(s[5]) > O for each j, i.e., each state s[j] is assigned with a nonzero power;

A2) s[j] # 0 for each j, i.e., the channel contains no erasure.

We adopt these assumptions only for convenience; our main results hold true if the assump-
tions do not hold. In fact, when Al and A2 hold, we have a(s[j], s[l]) > 1 and that the mapping
from xgj_)l to ;vgj ) in (5.15) is always “strictly contractive”, which would lead to a convergence
result easily and simplify our development of the main results. However, if A1 does not hold,
then whenever the subsystem assigned with zero power is activated, the transmitter does not
transmit any information; if A2 does not hold, then whenever the channel state is an erasure,
the transmitted signal does not reach the receiver. In either case, the receiver receives only an
AWGN and no information (apart from the CSI) flows across either the forward channel or the
feedback channel. At those moments when no information flows, the transmitter state, receiver
state, and the receiver estimate remain as the immediate previous moments, which is different
from other moments. More specifically, there is a positive probability that the entire transmit-
ter state x is completely “frozen” at some time ¢, namely, we may have A(S;—g2, St—1) = I and
L(S;—2,S;-1) = 0 for some ¢t and hence z; = z;_1, which is not “strictly contractive” at this
moment. This would require a couple of extra, minor steps in establishing the (same) main
results. For convenience, we would like to develop the main results under Al and A2 in the
main body of the chapter, and defer the description of the extra steps in Appendix C.5.

We also note that A2 can be directly verified from the given channel model, and Al can
also be easily verified by 1) checking the optimal solution of v(s[i]) computed by a numerical
solver (noting that the decision variables I'(s[i]), ¢ = 1,---,m, are inside a compact region and
a number of numerical tools are available); or 2) applying the “complementary slackness” (if
an inequality constraint holds strictly if and only if its multiplier is zero, namely I'(s[¢]) > 0 if

and only if the ith multiplier is zero; cf. [2]) to the optimization problem.
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5.3.8 Encoding/decoding method

Define
alj] = [ [ a(slil, sl)™P, for j =1,---,m (5.22)
=1

and

a:= []all. (5.23)
j=1

Then it holds that a[j] > 1 and @ > 1, since a(s[j], s[{]) > 1 for each j and .

Encoding and decoding

The proposed communication scheme can also transmit digital messages or analog sources.
We focus on transmission of digital messages here, and discuss the analog case in Section 5.4.4.

Fix the coding length to be (T + 1), i.e., we use the channel from time 0 to time 7. We
define B € R™ to be the unit hypercube centered at the origin and with each side (denoted
BY)) being the interval [—3, 3]. For any fixed € > 0, and for each j, let BY be uniformly

partitioned into |_M1(1J )J subintervals, where
MY = a[j)T+Ha-9 (5.24)

and | M ] denotes the largest integer no greater than M. For each T" and 7, it holds that

YO
M) = =& (5.25)
3

for some &E,? ) e [1,2). Now B is partitioned into Mr := [, [_M}J ) | sub-hypercubes. Let the
center of each sub-hypercube represent one of a set of Mr equally likely messages. Call the
sub-hypercube centers the codewords, the sub-interval centers the sub-codewords, and the set
of codewords the codebook. ‘

For encoding, choose a message from the Mr centers, say W, and let p := W. Then =z
enters the system (5.7) and generates channel input sequence u?. For decoding, the decoder
generates :icg’%q for each j, and then decides the decoded message Wr to be the subinterval
center closest to &o7. See Fig. 5.6 for a simple example of a codebook.

Once again, we see that the encoding and decoding are fairly simple. In fact, the compu-

tation complexity for the encoding and decoding mainly involves a product of m X m diagonal
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. B(1)
-3 0 3
B ; @
msg[1] — ; ;
msgl2] |t - SA—F
msg[3] i ow[1] i ow[2] i cw(3]
msg[4] = s g
msg[5] ;
msg[6] 5
.......... A S S

cwi4] cwi5] ; cwi6]

("%7'—%) l l

a sub-interval of B(1)

Figure 5.6 An example of codebook. Assume m = 2, LMt(l)J = 3, and
LMt(Q) | = 2. The six messages are represented by the six code-
words. Suppose that message msg[l] is to be conveyed. Then
codeword cw][1] is to be transmitted, and the sub-codewords are
xél) =—1/3 and m((,z) = 1/4. The two sub-codewords are trans-
mitted through two decoupled subsystems. At the receiver side,
if both sub-codewords are correctly decoded, then the codeword
cw(1] and hence message msg([1] can be correctly recovered.

matrices H?:o A(Sj-1,8;)7! and grows linearly in (T + 1), where (T + 1) is the number of
channel uses.

Signalling rate

We define the signalling rate as

. 1 . 1 & )
Ri= i g losMr = i 7y 2 ToelMr) (5.20)

if the limit exists.
Probability of error and achievable rate
We declare a decoding error if the decoder’s decision Wr is not equal to the transmitted

codeword W. To compute the probability of error PET, we first define the probability of error
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for the jth sub-codeword conditioned on the channel state sequence ST as

PE,_(,?I)S =Pr (ﬁ;gj’)T and mgj ) are in different subintervals of BU )|ST) : (5.27)

Since conditioned on ST, z(® and z(¥) evolve independently, we can independently compute

(9)
PET] S
conditioned on the channel state sequence ST, as

for each j. We then have that, PEr|g, the probability of error for the message W

m
PEps =1-[[(1- PEZ)). (5.28)
Jj=1
Consequently, the probability of error for decoding W, which averages PE7|g over all possible

channel state sequences ST, is

PEp:= Y PEpngPr(s7T); (5.29)
STeQr
recall that ; is defined as the set of all possible channel state sequences of infinite length. We
remark that, though the above definitions are for some fixed z, since the probability of error
for different z¢ shares the same asymptotic behavior 3, it is sufficient to study the probability
of error for one fixed initial condition z.
We call a signalling rate R, defined in (5.26), achievable if PEp decays to zero as T tends

to infinity.

5.4 Achieving capacity of AFSMC

In this section, we show that the feedback communication scheme proposed in Section 5.3
along with the parameters given by (5.10)-(5.13) is capacity-achieving, and it leads to doubly

exponential decay of error probability. Our main result is summarized in Theorem 3.

Theorem 3. Suppose H is any given AFSMC, where the channel state S; forms an ergodic
Markov process and is available instantaneously to the decoder and with one step delay to the
encoder. Given any P > 0, let y(-) be the capacity-achieving power allocation that maps the

channel state Sy to the channel input power y(S:) and such that Egzy(S) < P holds. Then,

3In fact for ¢ sufficiently large, &o,: has the form o, = zo + A (see (5.43)), where A; does not depend on
9. Therefore, asymptotically the decoding error does not depend on .
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the feedback communication scheme described in Section 5.8, along with the parameters given
by (5.10)-(5.13) under Assumptions A1) and A2), transmits at a rate arbitrarily close to the
feedback capacity

C= %Egt,gm log(1 + (Se+1)27(S:)) = loga (5.30)

under average input power constraint
E.u? < P. (5.31)

Moreover, asymptotically PEys decays to zero doubly exponentially for any given typical se-

quence {S;} € Qryp.

Remark 11. Note that for a given channel state sequence {S;}, PEyg may or may not
decay doubly exponentially. However, if the given sequence {S;} is typical, then PEyg de-
cays doubly exponentially. Since typical sequences form a probability one set, we conclude
that with probability one, PEy g decays doubly exponentially; in other words, almost every
“sample trajectory” of PEyg decays doubly exponentially. Similar to the AWGN case, doubly
exponential decay is only possible if an average channel input power constraint is used (cf.
[134]). It is also worth noting that the average probability of error PE; does not decay doubly
exponentially, though PEy g decays doubly exponentially with probability one. The doubly
exponential statement uses channel state sequences {S:} of infinite length, whereas the average
probability of error PE; uses channel state sequences S? (though ¢ can be very large, it is not

infinity).

To prove this theorem, we first compute the achievable rate, and then prove the dou-
bly exponential decay, followed by showing that the power constraint (5.31) is satisfied. See
Appendix C.1 for the proof of C = loga.

5.4.1 Achievable rate

To show that the proposed scheme can transmit at a rate arbitrarily close to capacity C, we
need to prove that, for any € > 0 small enough, the rate (1—¢€)C is achievable. This development
is facilitated by considering the control setup. In fact, for an AFSMC, whenever the control

setup in Fig. 5.4 (a) is open-loop unstable but closed-loop stabilized, the communication
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system in Fig. 5.2 achieves a rate determined by the growth rate of the open-loop, similar to
the case of Gaussian channels without time-selective fading [28]. A

Our choice of parameters in Section 5.3.3 leads to that,the open-loop of the control setup is
unstable. The average rate of growth for this unstable system, defined as Eg, s, , log A(S;, Si+1),
is log @ (following the derivation in Appendix C.1). This is exactly the maximum achievable rate
for the proposed communication system. Below, we show that the control setup is stabilized in
closed-loop, based on which we prove the achievable rate. Note that the stability of the control
setup is in the sense of, first, the boundedness and convergence to zero of the first moment Ex;,
and second, the boundedness of the variance-covariance matrix X := Exiz} — Ex;Ex}, both
conditioned on a given channel state sequence {S;}. Finally, note that if one fixes the choice of
A(St, St41), then the rate is fixed, and thus the choice of L(S;, St+1) is to ensure the stability
of the closed-loop as well as the minimum input power, which is exactly an MEC problem.

We introduce the following notation. Fix a sequence {S;}. Recalling that if S;_1 = s[j]

and S, = s[l], we have
A(Sr_1,8;) "t =diag ([1,---,1,a(s[j], stD™% 1, -+, 1]) , (5.32)

we can then obtain, for any ¢,

t

H A(S,_1,8,)71 = diag ([H a(sl], S[l])—n(l,l,t), e H a(s[m], S[l])—n(m,z,t):D
=1 I=1

7=0 =
= diag ([ gl),---, gm)]) = Py,
(6.33)

where ¢§j ) and @; are defined in an obvious way.

Lemma 4. Assume the hypotheses of Theorem 8, and fix a channel state sequence {S;} in .
Then for the control setup (5.8),
i) ®; is the state transition matriz, namely the response due to initial condition xg is

i1 = Py, For every j =1,---,m, it holds that 0 < ¢§j) <1 for any t, and that
Jim o9 5 0if {S;} € Qryp; (5.34)

ié) For any fized initial condition xg, it holds that —|x(()j) | < Eacéj ) < |a:(()j )| for any t, and
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that
tlirglo Ez, — 0if {St} c QTYP; (5.35)

ii) For any zy, Xt := E(z; — BEx;)(z: — Ex,) is a diagonal matriz, i.e., the components of

x; are mutually independent, and there exist c and € such that
0<c<s? << oo (5.36)

for any t, where 2§j) is the (4,7)th element of X;.

Proof: See Appendix C.2. | |
Now we can use the stability of the control setup to establish the reliable communication
across the channel. Note that the stability of the control setup implies that the communication

scheme does not involve unbounded signals, as claimed in Section 5.1.

Proposition 13. Assume the hypotheses of Theorem 8. Then the communication system

reliably transmits at rate
R=(1-¢)loga=(1—¢€)C, (5.37)

for any given € > 0.

Proof: To establish the achievable rate, we first compute the signalling rate, followed
by proving that the error probability goes to zero, which implies that the signalling rate is
achievable.

Signalling rate

For any {S:} in Qryp, it holds that

R := lim Xt logLM7)

T—o0 T+1 ) )
. > iy log My i > logér

T—o0 T4+1 T+1
_ oy e logal] T+ (=) (5.38)
I cuitest T+1

= (1-¢ ) logalj]
j=1
= (1—¢)loga.

Probability of error
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The proof of vanishing probability of error is essentially an asymptotic equi-partition (AEP)
based argument (cf. [16]). Let us define

~pal <n}, (5.39)

O _{St

- oo 152

where p > 0. From AEP or the Weak Law of Large Numbers, it holds that
Pr(,) —1 (5.40)

as t tends to infinity. Then Q; is partitioned into two subsets: €, and ¢ ,- Our goal is to

show that the probability of error PEp|g satisfies
PEqs < &(T) (5.41)

for some vanishing function x(-) > 0 which is independent of T and ST, as long as ST € Qrp.

This would lead to vanishing probability of error PFEy. More precisely, note that

PEp = Y PEpgPr(s7)
STeQr
= Y PEnsPr(8T)+ > PEpsPr(sT)
STeQr,, sTeqs. , (5.42)
< Z &(T) Pr(ST) + Z Pr(ST)
STeQr,, sTeqs ,

< &)+ Pr(Q%’u),

where we have used that x > 0 and is independent of ST, STeQr, Pr(ST) < 1, and PEqs <
1. Therefore, as T" increases, the averaged probability of error PEr would decay to zero.

To show that PEps decays to zero on {dr,, as T goes to infinity, we may first investigate
the behavior of PE,E,?I?S on Qr,. Fix any channel state sequence ST and initial condition .

It is straightforward to compute that

t
530’7; =xg— H A(S -1, ST)_la:tH =xy — Py y. (5.43)

7=0

Because the noise is zero mean i.i.d. Gaussian, ;41 is Gaussian with distribution N (Ez¢41, Z¢41),
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if conditioned on St and zo. Then notice that Ez;,, = ®;x¢. Therefore, Zoyt is an m-variate

Gaussian distributed as
N (zo — (B1)*z0, (2:)*Tt41) (5.44)

and particularly, for each 7, x((,jg is a univariate Gaussian distributed as
N (a8 - (62, (67 Eh ) - (5.45)

We now assume without loss of generality that cc(()j ) is the center of the ith subinterval of

BY). See Fig. 5.7. We can thus derive the following expression of PE%)S

PE(J) = Q 0'5/LM(j)J+z(j)(¢%))2>+Q<075/LM(")J z(j)(qsgé))z)

TS ONEOR PONCON
0569 /M) 42 ) (4))2 0560 /MY —o (D)2
_ ofose /“V;f’) W7 |, o o5tk /(’)\/20) ) )
T+1 T+1
0. 55(.7) (J)¢(J) 0 5&-(]) (J)¢(J)
= O\ e VL) TGP R T V)
(5.46)
(d’(TJ‘)) [€)]
/N
/
/N
B N S
20
ith subinterval, length (LMé-j)j)_l
Figure 5.7 The location of :v((,j Vina subinterval of BU) and the distribution
of .'E(()J%-v, with mean a?g ) (<;$(J )) 7) and variance (¢(J ))22%)_1
Notice that
a0 = ([T alslg) s %) TV I ol s O

(II 1 a(sly), s[aEam T+,

fl

where

4G.4T) = (1~ eynlylpn — 2T, (5.48)
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Since
n(j,L,T) _ n(,,T) n(,T)
T+1 n(5,T) T+1

— 7lilpj, (5.49)

it holds that for sufficiently large T' and sufficiently small y, d(j,!,T") is non-positive for any
ST in Q.

Let a := minja(s[j],s[l]) > 1 and a := a¢ > 1. It then follows from (5.47), (5.48), and
d{4,1,T) < 0 that

_ m O\ T+
a[j]T+na-9 ¢§2) < (H ad(a,l,T))
1=1

—  T+)A-e)rlil-n(iT) (5.50)

g~ PODHT (-9 (wm____";{g))

o PUDHT+)(-1) (wli1-2E02) .

Therefore,

0 55(.7) (J)¢(J)
Qry, = Q .
als) -9\ /58 \/z:g)H
< 0 ( £ MO+ (1) (-0 xgﬂ)qbg)) 0 (oﬂg) +c¥)),
T /o,
where

7 = n(j,T) + (T + 1) (- — 1) ( 5] — ’;,ﬂﬁ—)) (5.51)

and

& =10

5<J) oD [1+(2-1) (%%’}ﬂ—l)]xéﬂ ey |
250

For p sufficiently small and T' sufficiently large, it holds that

oo (1) (T2 1)) 5 58

by 5(3) € [1,2), (()J) € (-1,1), ¢(Tj) € (0,1], and 2&211 € (c,¢) for any j, T, and ST, one

can easily show that {r is uniformly bounded, namely {r € ({ 1 (1) where the bounds are
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independent of j, T, g, and ST. Also for T sufficiently large, it holds that

(% - 1) ‘w[j] - ”,;F(Jﬂ)‘ < (% - 1) " (5.54)

Pick p sufficiently small such that

wl] — (% - 1) u>o (5.55)

for some ¢ > 0 and for all j = 1,2,---,m. Note that such x4 and o exist since m is finite. This
would yield that, for T' large enough, nr > (T + 1)o. Consequently, (7 + {r) goes to infinity

and @71 vanishes. More precisely,

Qr1 < QeI+, (5.56)
Similarly,
Qr2 = @ 0'5552) - mgj)qsf([?)
alfru-9g /gy, (557)
< Q(a(T+1)a+g2)_
for some £2.

Letting ¢ := max{¢ e 2}, we have that
PEY% = Qra + Qra < 2Q(aT+7+¢), (5.58)
vanishes. Then invoking the union bound

m m

PEns=1-[[(1 - PED) < 3" PEYL < 2mQ(alT+1o+), (5.59)

11 js) = 2 PPy
j= j=

we deduce that PEr)s would converge to zero on {1, for sufficiently small 4. Thus we prove

that PEr decays to zero, i.e., rate R is achievable. 4 [ |

“We may also employ a modified decoding after we obtain £or, by letting Wr be the subinterval center
closest to (I — (®7)%) " &o,7. This removes the estimate bias and hence the asymptotic behavior analysis of the
communication scheme remains the same.
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5.4.2 Doubly exponential decay of probability of error
Proposition 14. Assume the hypotheses of Theorem 8. Then
i) For sufficiently large T, for any j and {S:} € Qryp,

PEJ); < 1 exp{—exp(Ba(T + 1) + o(T))} (5.60)

for some B1, B2 > 0, where o(T) denotes the terms with lower order than T, namely o(T)/T
vanishes as I tends to infinity;

i) For any j and {S:} € Qryp, the decay exponent for PE%)S 18

) 1
(-7) = 1 —_—)) = al1
e’ = lim o log(log(PE%)S )) = 2¢log(alj]), (5.61)
and the decay exponent for PEpg is
1 )
= i = i (J) =
e Th_r)n TT1 log(log(PETIS)) mine 2¢eloga, (5.62)

where g := min; a[j].

Remark 12. This proposition claims that, for each sub-message x(()j ), essentially its probabil-
ity of error decays doubly exponentially, and hence PEr s decays doubly exponentially with
respect to T for large enough T, provided that we exclude a set of {S;} that would occur with
zero probability and on which only zero communication rate can be achieved. This notion of
decay of error probability is stronger than what we have proven in Proposition 13 regarding the
probability of error averaged over all finite-length typical sequences ST, analogue with that the
Strong Law of Large Numbers is stronger than the Weak Law of Large Numbers. The decay
exponent of PEr|g is the smallest (slowest) decay exponent of PE%)S among all 7. When the
channel has no fading, i.e., m = 1 and a = a(s[j], s[l]) for all j and I, the decay exponent

becomes e = 2eloga = 2(C — R), and we recover the decay exponent obtained in [107, 106].

Proof: See Appendix C.3. ) |
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5.4.3 Power computation

Proposition 15. Assume the hypotheses of Theorem 8. Then the average channel input power
18

2= " wliy(sli]), (5.63)

=1

and hence satisfies power constraint (5.81).

Proof: See Appendix C.4. | |
Combining the results in Propositions 13-15, We have completed the proof for Theorem 3.
Noting that the entropy rate of the channel output is indeed the transmission rate, we also

conclude that we obtain the MEC design over an AFSMC with an entropy rate constraint.

5.4.4 Transmission of Gaussian random vector

With some modifications we can transmit a Gaussian random vector over the AFSMC,
in parallel with the AWGN channel case. Let us use the same parameters given in (5.10)-
(5.13) and 2o ~ N (0, PL,,), and follow the dynamics (5.7). For a given channel state sequence
{S¢} € Qryp, we obtain the MSE distortion as

MSE(2o,7) := E(zo — Zo,1)(Z0 — ii'O,T)I = (‘I)T)ZE:BT+1$:,11+1, (5.64)

which, by rate-distortion theory, requires an asymptotic rate to be at least

P . 1 P™

1
li lo — = lim lo
To00 2T +1) ¢ MSE(#o.1)] Tooo 2(T 1) 8 [ (69 2By 12 |
@) 5.65
- T—>oo T + 1 H ¢ ( ) )
b
(=) loga,

where (a) follows from the boundedness of P™ and |Ex;12; |, and (b) follows from a deriva-
tion similar to Appendix C.3. Since loga is the capacity, we conclude that o is successively

refined at the capacity rate of the AFSMC.
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5.4.5 Special case: AWGN i.i.d. fading channel

Theorem 3 directly applies to the case that {S;:} forms a discrete i.i.d. process. However, a
simplified capacity-achieving feedback scheme with a scalar transmitter state exists. Assume

that the channel state has an i.i.d. distribution given by
Pr(S: = s[i]) = p[t] for t =0,1, -- -, (5.66)

where for ¢ = 1,2,---,m, p[i] and s[i] are fixed numbers. Given any power budget P > 0, we

choose the parameters in the communication scheme as

A(Si—2,81-1) = A(S-1) =+/(5-1)?P+1 €R

L(Si—2,8-1) =L(S¢-1) = ﬁ eR (5.67)
C(St__Q) =1 € R.

Note that A and c in this design do not require the augmented channel state (S;—2, S;—1); St—1
is sufficient. We can show that this design leads to a transmission rate arbitrarily close to the

capacity (proof skipped for brevity)

1< . ) 1
Ciig = 5 Zp[%] log(1 + s[i]*P) = EES log(1 + S*P). (5.68)

i=1
Note that no power adaptation is needed in the capacity formula and in the proposed scheme.

Remark 13. We remark that a direct application (without multiplexing) of the ideas in
[28] does not achieve the Shannon capacity. We conjecture that such a direct application can
at most achieve the anytime capacity, which is less than the Shannon capacity. In anytime
information theory [102], tracking a constantly growing unstable source through a channel is
studied, the information theoretic interpretations are provided, and the fundamental limita-
tions are captured by anytime capacity. In this chapter, by using the multiplexing structure
that adapts according to the channel state variation, the decoder no longer tracks a constantly
growing unstable source, but a source that grows faster when the channel is in good state, and
grows slower when the channel is in bad state, and thus we can achieve the Shannon capacity.
That is, this adaptation idea is essential to the optimality, and it significantly generalizes the

ideas used in [102, 117] for an erasure channel.
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5.4.5.1 AWGN i.i.d. fading channel with infinite channel states

AWGN i.i.d. fading channels with infinite channel states include many channels as the
special cases, such as the Rayleigh, Rician, Nakagami, and Weibull fading channels. Here we
focus on the scenario of real channel state-spaces; the scenario of complex channel state-spaces
can be studied similarly. Assume that the channel state forms an i.i.d. process with density

ps(s), where s € R. Then the channel capacity is
1 2
C’lid,inf = EESNPS 10g(1 + S P) (569)

Then we construct a coding scheme with a scalar transmitter state as in the finite state-space
case, using the choice of parameters given in (5.67). As we show in Appendix C.6, this scheme
achieves the feedback capacity given in (5.69). We point out that the proof makes use of the
fact that the transmitter can be designed as a scalar system and hence this proof may not be

directly applicable to Markov channels with infinite states.

5.5 Numerical example

Consider a Gilbert-Elliot fading channel with AWGN, i.e. an AFSMC with only two states.
We simulate the proposed scheme for this channel. Fig. 5.8 shows the simulated PE,_st)S and
PEqs for a randomly chosen (typical) {St}, as well as the theoretic PErs computed from
(5.46) and (5.28). We see that the probability of error decays rather fast within 20 channel
uses. However, the decay of probability of error is not very smooth, caused by instantaneous
deviations from the typical channel behaviors, though {S:} may be typical in the long run.
This may be improved by considering a “turbo mode” of using larger power at those atypical
instants, which does not affect the average power constraint (under further investigation); see
[103] for the idea of turbo mode.

Fig. 5.9 (a) shows the decay of PEr, which averages botﬁ the doubly exponential decay
of error probability for typical sequences and the exponential decay of error probability for

atypical sequences. > These fast decays imply that the proposed scheme allows shorter coding

5This implies that our error probability averaged over all channel state sequences decays exponentially.
[103] presented a coding scheme to reduce the decoding errors caused by atypical channel state sequences for
“streaming” communication. The same idea may be applied here to lead to doubly exponential decay of the
averaged error probability; this is subject to future research.
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Figure 5.8 Simulated PE%?S., simulated PEr)g, and theoretic PETg.
s[1] = 2, s[2] = 1, p11 = 0.65, pa2 = 0.38, p = 3, and € = 0.2
(i.e. R=0.8C).

length and shorter coding delay; here coding delay measures the time steps that one has to
wait for the message to be decoded at the decoder with small enough error probability. The
short coding delay is also reflected in Fig. 5.9 (b), where we compare the message and the
decoded message bit by bit and count how many bits are correctly obtained by the decoder.
At time T = 24, the channel can transmit 35.8 bits if at each step the capacity C is attained,
and the simulation shows that on average 34.9 bits are actually correctly decided.

Therefore, though the availability of output feedback at the encoder does not affect the
capacity when DTRCSI is available, we have seen that, output feedback can considerably
simplify the coding design and coding process while achieving the capacity (in contrast to the
more sophisticated designs to approach the capacity using Turbo codes or LDPC codes, see
e.g. [101]), and it leads to better performance in terms of probability of error than the forward
coding schemes in the literature. Recall that turbo codes or LDPC codes need long coding
lengths of at least several thousands to achieve a decent performance, and in [101], coding
length of 8000 was used over a Markov channel. However, since power adaptation has not been

employed in those schemes, a fair and more accurate comparison is not yet available.
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Figure 5.9 (a) Theoretic PE7. (b) The number of bits that has been
correctly decided and the number of bits that could be correctly
decided if at each step the capacity rate is attained.

5.6 Summary

In this chapter, we proposed a capacity-achieving feedback communication scheme for an
AFSMC with precise CSI available to the decoder immediately and to the encoder with delay.
This scheme is essentially a multiplexing of the scheme obtained for AWGN channels with
feedback switching according to the augmented channel states. The scheme greatly simplifies
the complexity in the coding design and coding processes. The error probability decreases to
zero doubly exponentially and it shortens the coding length, compared with existing coding
schemes over an AFSMC in the literature. We established the equivalence among feedback
communication with over over an AFSMC, estimation over the same channel, and feedback
stabilization over the same channel. We have seen that the utilization of the estimation/control-
theoretic equivalence of the proposed coding scheme facilitates the development. In fact, the
idea of introducing multiplexing and augmented channel states was motivated by studying the
estimation/control system; particularly the multiplexing idea is motivated by the research of
Markov jump linear control systems, and the augmented channel state idea is motivated by
the research of estimation/control systems with delay. We remark that these two ingredients
may play significant role in studying any feedback communication systems with known time-

variations and delays.
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CHAPTER 6. WRITING ON DIRTY PAPER WITH FEEDBACK

6.1 Introduction

The study of lossless interference cancelation in a communication system has attracted con-
siderable interest from researchers, since the publication of Costa’s celebrated article “Writing
on Dirty Paper” [14]. Costa considered a power constrained discrete-time Gaussian channel,
in which there are two independent processes that corrupt the channel inputs. One process,
a sequence {&:} of i.i.d. N(0,Q) random variables, is completely known to the encoder non-
causally and is unknown to the decoder; this is referred to as the interference (or channel
states). The other process, a sequence {IV;} of i.i.d. N(0,1) random variables (independent
of {&}), is unknown to neither the encoder nor the decoder. Costa named this model as the
writing on dirty paper- (WDP-) channel model. Fig. 6.1 illustrates this model, in which W is
the message, u is the channel input, £ is the interference, IV is the channel noise, y ;== u+&+ N
is the channel output, and W is the decoded message. If £ is zero (or is also known to the
receiver), then the channel can achieve a rate R with the channel input power being at least
P(R) := 22 —1. If £ is not zero and is not known to the receiver, then obviously the minimum

channel input power Py pp(R) for achieving rate R is bounded by
PR) <Pwppr(R) < (1+Q)P(R). (6.1)

What is surprising is that the lower bound is achievable, namely there exists a strategy such that
we can transmit across the channel as if the interference did not exist. In other words, we can
achieve lossless interference cancelation, by which we mean that the interference is “canceled”
without incurring any power increase or rate loss; such an optimal strategy was introduced by
Costa in [14]. Note that the strategy of letting the encoder ignore the interference knowledge
or letting the decoder try the brutal force way to cancel the interference incurs power increase

or rate loss, and hence they are only suboptimal.
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Figure 6.1 AWGN WDP-channel model.

Costa’s results have been generalized to various situations; see [128, 129, 36, 12, 11, 37,
138, 13, 139, 8, 38] and references therein. [12, 11] extended the results to the case of ergodic
interference and colored Gaussian noise. [36, 37] showed that lossless interference cancelation
is possible for arbitrarily varying interference, provided that the encoder and decoder share a
common random dither signal. [138] showed that, as long as the interference and the noise are
Gaussian (not necessarily memoryless, stationary, or ergodic), the channel has a capacity as if
the interference did not exist. Various coding schemes were also provided; see e.g. [36, 37, 38].
On the other hand, if the interference is known to the transmitter only in a causal manner (in
which case the problem is sometimes referred to as writing on dirty tape (WDT)), the problem
is much more involved; in fact both the capacity computation problem and the capacity-
achieving problem remain to be solved. See [128, 37, 129] for suboptimal coding strategies for
the WDT-channels.

These results have found broad applications in information hiding [85], digital watermarking
[11], precoding for ISI channels [36], and precoding for broadcast channels [8]. To summarize
its significance, the dirty paper coding study has been considered to be a basic building block
in both single-user and multiuser communication problems [38].

The above resuits are focused on the case where the encoder does not receive any feedback
from the decoder. In many situations, however, it is possible for the encoder to access the
information at the decoder-side in a strictly causal way, namely the encoder has feedback from
the decoder. As we have shown, the availability of such feedback usually allows us to consider-
ably simplify the coding scheme, to improve the performance, and to increase the capacity. We
note that little is done to extend the dirty paper coding to feedback communication systems.

In this chapter, we consider the WDP-channel where there is a noiseless feedback from the
decoder to the encoder with one-step delay. We focus on the scenario of non-causal encoder-side

information about the interference (rather than the WDT-scenario). In the case of arbitrarily



118

varying interference and AWGN, we present a Kalman filter based coding scheme to achieve the
lossless interference cancelation. We then extend this result to the case of WDP-channels with
both AWGN and ISI. The proposed scheme greatly simplifies the encoder/decoder design and
encoding/decoding processes, guarantees doubly exponentially decay of probability of error,
and is optimal in the sense of achieving the capacity. This scheme also extends the Sk codes
for AWGN non-WDP-channels to WDP-channels with both AWGN and ISL.

Our study reveals the intimate connections among information, and control, and estimation
over a WDP-channel. We show that the feedback communication over a WDP-channel is essen-
tially equivalent to a Kalman filtering problem, a tracking problem, and an MEC problem. This
extends the perspective of integrating information, control, and estimation to WDP-channels
with feedback. Such a unifying perspective may be applicable and useful to more general
feedback communication problems, such as multiuser WDP-channels and WDT-channels with
feedback.

One potential application area of the research under noiseless feedback assumption is the
sensor networks (as we mentioned in Section 3.1), in which the forward communication from
the sensors to the base station (or the cluster center, if any) may be very noisy due to the
limited power of the sensors, whereas the feedback communication from the base station to the
sensors may be viewed as noiseless due to the high power of the base station. The interference
to a sensor may be the signals sent by its neighboring sensors. Since the signals for neighboring
sensors are usually correlated, the interference is partially known to this sensor. Our results
say that we can significantly improve the forward transmission by taking advantage of both
the feedback transmission and the knowledge about interference, which may be useful in sensor
networks.

The rest of the chapter is organized as follows. In Section 6.2, we introduce the optimal
coding scheme for a WDP-channel with AWGN and arbitrarily varying interference. In Section
6.3, we study a WDP-channel with arbitrarily varying interference, AWGN, and ISI. In Section

6.4, we provide a numerical example. Finally we summarize this chapter.

6.2 The AWGN case

Consider the power constrained WDP-channel with AWGN shown in Fig. 6.2. Let the

average power budget be P > 0. Let {£:} be an interference sequence known non-causally to
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the encoder. This interference sequence can be deterministic or random; we assume that

T 2

S +P)EEgG | —0 (6.2)

J=0

1
T+1

as T tends to infinity (noting that E{; = &; in the deterministic case). Let further {INV;}
be AWGN with N; ~ N(0,1). We first describe the proposed coding scheme and the cod-
ing process, then present the coding theorem, followed by the proof, and finally discuss the

connections to a minimum-energy control problem and a Kalman filtering problem.

6.2.1 Coding scheme

Fig. 6.2 illustrates the designed coding system, in which we can identify the encoder,
decoder, and WDP-channel. Let us fix the time horizon to be {0, 1, - - -, T'}, namely the number
of channel uses is (T + 1).

encoder & Ny decoder
: - UtJr\ J\ Yt i fﬁo,t
D rd——D P’ ‘1? >
7]
Ly Zopt—1
Y1
— =

control setup

Figure 6.2 The optimal coding scheme for a WDP-channel with AWGN.
The dotted box indicates a control system, referred to as the
control setup.

The encoder/decoder structures
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In state-space, the encoder and decoder are described as

Iy = aTy-1 — L(yt—l - ft—l)

encoder: U = CI ' (63)

vy = up+ &+ Ny

and

decoder: Zot = Bo -1 + ot Ly, (6.4)

where

a = V1+P>1
c = 1 (6.5)

L = a——,
a

€-1:=0,y_1:=0, 91 :=0, and ¢ will be determined shortly. We call z; the encoder state
and Zo; the decoder state.

Transmission of analog source

The designed communication system can transmit either an analog source or a digital
message. In the former case, the coding process is as follows. Assume without loss of generality
that the to-be-conveyed message W is distributed as A/(0, P) (if the variance is not P, we can

scale W to have the desired variance). To encode, let

W+ Wuy

Top 1= (6.6)
i.e. xg:=W + Wy, where !
T a—i-lre.
. j=00 £
Wy = — T2 (6.7)

Then run the system till instant of time 7', generating £ for ¢ = 0,1,---,T. To decode, let

WT := £o7. The distortion measure is
MSE(Wr) 1= E(W — Wr)2. (6.8)

Transmission of digital message

To transmit digital messages over the communication system, let us fix ¢ > 0 arbitrarily

! Another choice which is asymptotically equivalent to (6.7) is Was 1= _217"=0 o~ LE;.
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small. Suppose that we wish to transmit one of a set of
My = oT+11=9) (6.9)
messages. We equally partition the interval

[—\/73 (1 + MTl_ 1) VP (1 + MTl_ 1)} (6.10)

into My sub-intervals, and map the sub-interval centers to a set of M7 equally likely messages;

this is known to both the transmitter and receiver a priori.
Suppose now we wish to transmit the message represented by the center W. To encode,
define z_; according to (6.6). Then run the system till instant of time T". To decode, let the

decoder estimate W be

= ZoT
Wr = =2 (6.11)

We then map Wr into the closest sub-interval center and obtain the decoded message W, 2

We declare an error if W # W, and call a (an asymptotic) rate

R:= lim

log M- .

achievable if the probability of error PET vanishes as T' tends to infinity.

Interestingly, the coding scheme can be interpreted as follows. When the codebook, namely
the mapping between the messages and initial condition zg, has taken into account of the non-
causal knowledge of the interference {&;}, the encoder works strictly causally in the sense that
at time t, the encoder only needs the knowledge of &—1. Whether this could be useful remains

to be seen.

6.2.2 Coding theorem

Theorem 4. Let {&:} be an arbitrarily varying interference sequence (deterministic or random,)
known to the encoder non-causally and satisfying (6.2), and {Ni} be AWGN with Ny ~ N(0,1).

Then under the power constraint Eu? < P,

2Anotl}er decoding method is to map &o,r directly into the closest sub-interval center and obtain the decoded
message Wr. This is asymptotically identical to the above decoding method. The scaling by 1/(1 ~a~2772) is
to remove the bias in the estimate of W; see (3.34) and [43].
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i) The coding scheme constructed in Section 6.2.1 transmits an analog source W ~ N (0, P)

from the encoder to the decoder at the capacity rate
1
c(P) = 5 log(1 + P), (6.13)

with MSE distortion MSE(WT) satisfying the optimal rate-distortion tradeoff function given by

! lo P
2T +1) °MSE(Wr)

C(P) = (6.14)

for each T'.
ii) The coding scheme constructed in Section 6.2.1 can transmit digital messages from the
encoder to the decoder at a rate arbitrarily close to C(P), with PEp decays to zero doubly

exponentially.

Remark 14. Compared with the coding scheme for AWGN non-WDP-channels, the one
for AWGN WDP-channels has two main differences: The presence of “process noise” (cf.
[57]) &1 at the encoder, and the presence of initial condition offset Was. In fact, these
are the two main techniques needed to generalize the coding schemes designed for non-WDP-
channels to WDP-channels. The presence of the process noise &1 at the encoder leads to
that, the interference & does not affect the encoder state x:, since the process moise cancels
the interference before the interference enters the encoder state. This follows that the channel
input u; is not affected by the interference since uy = cx:. In addition, by linearity of our
coding scheme, the decoder state o1 depends affinely on xo, €, and N. The terms associated
with To and & are known to the encoder before the transmission because 1 is known to the
encoder non-causally, and therefore the encoder can offset g to cancel the term associated with
& in To 7, namely, the decoded message would not be affected by the interference. In summary,

we can achieve lossless cancelation of interference € by applying these two techniques.

Proof: See Appendix D.1. | |

6.2.3 Connections to control problem, tracking problem, and estimation problem

In this subsection, we briefly discuss the equivalent relations of our coding scheme to an

MEC problem, a tracking-of-unstable-source problem, and a Kalman filtering problem. These
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relations are conceptually appealing since they provide another example that information,
control, and estimation, three fundamental concepts, can be studied in a unified framework,
and if any one of these problems is solved, other problems can be solved.

The dynamics of z; in (6.3), repeated here as

z; = azi—1+ L(&-1 - yi-1)
u = cxt (6.15)

ye = us+&+ Ny

is indeed a control system, as indicated in Fig. 6.2. The control system is open-loop unstable
with its pole at a, and is closed-loop stabilized with its pole at 1/a, which is an MEC problem
and the power of v is minimized over all possible choice of stabilizing L. Therefore, the
optimality in feedback communication coincides with the optimality in control, and reliable
feedback communication using (6.3) and (6.4) is equivalent to feedback stabilization of (6.15).

Fig. 6.3 (a) illustrates a system closely related to the coding scheme shown in Fig. 6.2.

The dynamics in Fig. 6.3 (a) is

1 = aZy+ L&
Tt = Cff:t
Ug = T¢— T}
Y ¥ = wt&+ N (6.16)
Ziy1 = af¢+ Ly
T‘At = Cii‘t
| &0z = a7lE,

where &9 := (W + Wyy) and %y := 0. To see the relation to the coding scheme, letting
zt == &:—3 in (6.16), we indeed obtain the dynamics of (6.3) and (6.4) through straightforward
manipulation. Therefore, (6.16) generates the same channel inputs, the same channel outputs,
the same decoded message as (6.3) and (6.4) do; namely, the two systems are T-equivalent.
However, Fig. 6.3 (a) has an interpretation of tracking unstable source (i.e. {r:}) over a
communication channel by applying the internal mode principle. It holds that asymptotic
tracking of an unstable source over a (WDP- or non-WDP-) channel is equivalent to reliable

feedback communication over the same channel.
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tracker

unstable source

process to be estimated
N
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noise o |
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Kalman filter
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Figure 6.3 (a) Tracking of unstable source. (b) The associated Kalman
filtering problem. Note that the “process noise” &; enters both
the process to be estimated and the Kalman filter.

We can furthermore arrange Fig. 6.3 (a) to obtain the block diagram shown in Fig. 6.3
(b), which is a Kalman filtering problem (cf. Fig. 1.1 in [57]).The dynamics of the Kalman
filtering shown in Fig. 6.3 (b) is

1 = ady+ L&

o = B+ N

Ttp1 = aZ¢+ L& + Ley (6.17)
e = G; —cdy

Zor = a7 d,
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where &g := (W + Wyy) and £ := 0. Note that &;, &;, and e; in (6.17) are identical to those
in (6.16), respectively. That is, the two systems are T-equivalent for any 7. The feedback
communication problem is then linked to an estimation problem, and their optimalities coin-
cide. We also see from Fig. 6.3 (b) that the interference sequence becomes the process noise
common to both the process to be estimated and the Kalman filter. Then a well-known fact
about Kalman filtering (cf. [57]) implies that the interference does not affect the estimation
error (Z¢ — &) and hence the channel input u; = ¢(&: — &¢). Therefore, if we consider the offset
of initial condition as an offset of the “codebook” (i.e. the partition and the assignment of
messages), which takes into account of the non-causal knowledge about the interference, our
dirty paper coding scheme is merely a reformulation of Kalman filtering algorithm for the case
of process noise known causally to both the process and the Kalman filter. The connection
of the optimal dirty paper coding scheme to the Kalman filter obtained here further confirms
the optimality of the Kalman filter in the information theoretic sense. The role of the Kalman
filter in more general communication setups, such as writing on dirty tape with feedback, is

under current investigation.

6.3 The ISI Gaussian channel case

This section presents the optimal coding scheme for a WDP-channel with AWGN and
ISI. We first describe the channel model. We then introduce the encoder/decoder structures
and explain how to choose the parameters to ensure the optimality, and describe the encod-

ing/decoding processes. Finally we present the coding theorem.

6.3.1 Channel model and feedback capacity

The WDP-channel F with ISI and AWGN is described in state-space as

= Fs+Gu

vy = Hsit+w+&+ M,
where sg := 0, F' € R™ is stable, (F, G) is controllable, (F, H) is observable, m is the dimension
or order of F, and ¢7 is an interference sequence known to the encoder non-causally and

unknown to the decoder. See Fig. 6.4 (a) for the block diagram of F. Through the equivalence
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shown in Section 4.2, the results developed for this channel hold for WDP-channels with colored

Gaussian noise with rational power spectrum.

& | Nt

Yt

Figure 6.4 State-space representation of the WDP-channel F.

QOur focus is to find a (stationary, time-invariant) steady-state coding scheme to achieve
the highest possible information rate, in other words, we wish to achieve the (stationary)

asymptotic capacity, given by

I(u” = y") (6.19)

) 1
oo = ConlP)i= S0 BT 4T

where the supremum is over all (asymptotically) stationary input sequences {u;} satisfying the

power constraint

: 1 T, T
- <
lim 1Eu U P (6.20)
and in the form of
Ut = ’Ytut 1 +6:£ + 77tyt L+ Gt (6-21)

for any v; € R1*t, 8, € RIX(T+D p, € R4 and zero-mean Gaussian random variable ¢; € R.
Here P > 0 is the power budget and I(u? — y7T) is the directed information from u? to yT.
The asymptotic capacity problem admits a finite-dimensional time-invariant solution, which

has rather low design/operation complexity.

6.3.2 Coding scheme

The encoder/decoder structures
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In state-space, the encoder and decoder are described as

Encoder: <

Decoder:

e

g = Azyq—Lie—
Ut = C.’Et
(6.22)
5 = F51-&-1—H5 1
et—1 = Y1 — &—1— HSq
Si4y1 = F& + Laé
e = y—HS (6.23)
For = Rot—1+ATTIL18,

where sp := 0, 5.1 := 0, é&_1 == 0, §p := 0, Zo-1 := 0, A € ROHUx(+1) ¢ ¢ RIX(n+1)

L) € R" and Ly € R™. We call (n + 1) the encoder dimension. See Fig. 6.5 for the block

diagram. Here A, C,u;, etc. depend on n, but we do not specify the dependence explicitly to

simplify notations.

encoder

channel
F decoder
Zo,t
® ATl g
€t
Zot-1
§t+1 §
2 e o ]
F —l
Yi-1
el

control setup

Figure 6.5 The optimal coding scheme for the WDP-channel F.

Optimal choice of parameters

Fix a desired rate R. Let DI := 2% and n := m — 1 (recalling that m is the channel
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dimension), and solve the optimization problem

[aF", 5oP!] o= arg inf DD,
a;€R" (6.24)
s.t. B=ATA'—ARC/CTA’ /(CEC/+1)
where 3
AlO
A= ,sz[c H},]D::[C 0},
GC | F
5 (6.25)
Onxl I'n,
A= ,C’::[l len]'
i +DI ays

Note that we need to solve (6.24) twice (one for +DI in A and one for —DI in A}, and choose
the optimal solution as the one with the smaller objective function value. Then we form the
optimal A°P* based on a‘}pt, and let (n* + 1) be the number of unstable eigenvalues in APt
where n* > 0.

Now let n := n*, solve (6.24) again, and obtain a new a7’ * and %P, Then form A%, let

A* = A%t $* = ¥t C* := [1,01xn+], and form A*,C*, and D*. Let

L* = = —_——
L; C*>x*C* +1

(6.26)
It holds that (A*,C*) is observable, and A* has exactly (n* 4 1) unstable eigenvalues.
We assign the encoder/decoder parameters to the scheme built in Fig. 6.5 by letting

n:=n*A:=A*C:=C" Ly := L], Ly := L3. (6.27)

We then drive the initial condition sg of channel F to 0. Now we are ready to communicate at
a rate R using power D*X*D*/| which is the minimum power needed to sustain the pre-specified
rate R.

The encoding/decoding processes

Transmission of analog source

Assume that the to-be-conveyed message W is distributed as N'(0, I« 1) (noting that any

non-degenerate (n* + 1)-variate Gaussian vector W can be transformed in this form). Assume
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that the coding length is (" + 1). To encode, let

o = W 4+ Wy, (6.28)
where .
Wi ==Y AL+ Y AL H(F — LyH) ™ I Log; (6.29)
§=0 §=0 1=0

Then run the system till time epoch T'. To decode, let Wi = Zo,r. The distortion is defined

as

MSE(Wr) := B(W — Wr)(W — Wr)'. (6.30)

Transmission of digital message
To transmit digital messages over the communication system, let us first fix € > 0 small

enough and the coding length (T + 1) large enough. Let
B¥ o= [Inrg1, 0)X*[Inr41,0]. (6.31)
Assume that the matrix (A*)~T-1x%(A*)~T~! has an eigenvalue decomposition as
(A" T-1sx (AT = ErArEL, (6.32)

where Ep = [e(), ... e +1)] is an orthonormal matrix and Ar is a positive diagonal matrix.
Let or; be the square root of the (3,4)th element of Az. Let B € R™ *! be the hypercube

spanned by columns of Er, that is,

Y 1 ].
(lL) — — ) — ... *
a'’ € [ X 2],Z =0, , T } . (6.33)

n*
B— { 3 alel

=0

Next we partition the ith side of B into (or;)~(~9) segments. This induces a partition of B

into M sub-hypercubes, where

n*
MT = H(O’Tﬂ')—(l—e)
=0

[det '((A*l)—T—lz*(A*)—T—-l):I"% ]

(6.34)
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We then map the sub-hypercube centers to a set of My equally likely messages. The above
procedure is known to both the transmitter and receiver a priori.

Suppose now we wish to transmit the message represented by the center W. To encode,
define z¢ according to (6.28). Then run the system till time epoch 7. To decode, we map
Zo,7 into the closest sub-hypercube center and obtain the decoded message Wr. We declare

an error if Wr # W, and call a (an asymptotic) rate

R := lim

1
log M :
A 7= log My (6.35)

achievable if the probability of error PFEr vanishes as T tends to infinity.
As we can see, the encoder/decoder design and the encoding/decoding processes are rather

simple. The computation complexity involved in coding grows as O(T + 1).

6.3.3 Coding theorem

Theorem 5. Construct the encoder/decoder shown in Fig. 6.5 using n*, A*, C*, L7, L}, and
Was. Then under the average power constraint Eu? < P,

i) The coding scheme transmits an analog source W ~ N(0,I,»11) from the encoder to
the decoder at rate Coo(P), with MSE distortion MSE(Wr) achieving the optimal asymptotic

rate-distortion tradeoff given by

1 1
Coo(P) = Ii 1 . 6.36
(P)= 57 1) 8 Gt MSE(S) (6.36)

it) The coding scheme can transmit digital messages from the encoder to the decoder at a

rate arbitrarily close to Coo(P), with PEr decaying to zero doubly exponentially.

Remark 15. The main idea of this dirty paper coding scheme is still the two techniques
used for the AWGN WDP-channel: The presence of process noise &—1 at the encoder, and the
presence of initial condition offset Wiy which can be viewed as an offset of the “codebook”.
In addition, it still holds that the feedback communication problem is eguivalent to an MEC
problem, tracking-of-unstable-source problem, and Kalman filtering problem; details are skipped

for brevity.

Proof: See Appendix D.2. [ |
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6.4 Numerical example

In this section, we provide a numerical example of the proposed optimal coding scheme for
AWGN WDP-channel. Assume that the power budget is P := 3, that is, we may achieve any
rate equal to C(P) — e = 1 — € bit per channel use for any € > 0. Let € := 0.05, i.e. the desired
rate is R = 0.95C(P) = 0.95 bit per channel use. Then we can construct the coding scheme
according to Section 6.2.1.

Simulation shows that R is indeed achieved since the decoder can distinguish among My :=
aT+1)(1~¢) megsages with the probability of error decaying to zero (in a doubly exponential
fashion); see Fig. 6.6 (a). Due to the fast decay of probability of error, the coding length
(and hence the coding delay) can be rather short (within 100) to attain a good performance.
The shortened coding length also implies that the preview of the interference ¢ can be short.
Additionally, the average channel input power converges to P, see Fig. 6.6 (b). For short
coding length, however, the consumed power can be slightly different from the given power
budget, since most of our analysis holds asymptotically. Fig. 6.6 (b) also shows the convergence

of the decoder estimate W; to the message W.

10'1{ - T o 4 . .
——simulated - - ~estimation error
-0 theoretic 5l —time average of input power
-
5 1077} :
© 2 1
=z
5 1
o -3
',8 10 ¢
s p Obmmmmmm e cmm e e e ]
107 — : — -1 ' - - .
15 20 25 30 35 0 200 400 600 800 1000
number of channel uses (7 +1) number of channel uses (7+1)
(a) (b)

Figure 6.6 (a) Simulated probability of error and theoretic probability of
error. (b) Convergence of the average channel input power, and
vanishing of estimation error (W — W)).
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6.5 Summary

In this chapter, we have proposed capacity-achieving coding schemes for a WDP-channel
with AWGN and for a WDP-channel with AWGN and ISI, both having noiseless output feed-
back. The interference is assumed to be known to the encoder non-causally before the transmis-
sion and unknown to the decoder, and can be arbitrarily varying, deterministic or random. We
achieved lossless interference cancelation, that is, we canceled the interference without extra
power overhead or rate loss. We exhibited the connections among feedback communication,
feedback control, and estimation over a WDP-channel. In establishing lossless interference
cancelation, we developed techniques which may be readily applied to more general WDP-
channels. We also discussed the potential usefulness of our feedback communication schemes
to sensor networks, in which we may wish to take advantage of the high-quality feedback link

and the knowledge of interference to improve the forward communication.
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CHAPTER 7. CONCLUSIONS AND FUTURE DIRECTIONS

7.1 Thesis summary

In the past few years, considerable efforts have been devoted to the subject of interactions
between information and control, due to its theoretical and practical importance in the study
of control under communication constraints, feedback information theory, networked systems,
etc.

This thesis is an addition to this subject. In this thesis, we have explicitly brought estima-
tion into the existing picture, and established a new perspective of unifying communication,
estimation, and control. We have demonstrated that this perspective arises naturally and
is powerful in solving important problems in feedback information theory. In particular, we
designed the Kalman filter based coding schemes to achieve the feedback capacity of AWGN
channels, frequency-selective fading Gaussian channels, time-selective fading Gaussian chan-
nels, and WDP-channels with Gaussian noises. These feedback coding schemes are equivalent
to Kalman filtering problems and MEC problems, and their optimality and fundamental lim-
itations coincide. We also obtained a new information theoretic characterization of Kalman
filtering, a new formula connecting mutual information and CRB or MMSE, connection be-
tween time-selective fading channels and Markov jump linear control, and so on. We anticipate
that the perspective, techniques, and results developed in this thesis could be extended to more
general scenarios and helpful in establishing a theoretically and practically sound framework

that unifies information, estimation, and control.

7.2 Future research directions

Research will continue on the following aspects:

1. Noisy feedback. As we pointed out in Section 2.2.5, the noiseless feedback assumption

leads to the major limitation of feedback information theory. It is then necessary to
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study the more realistic problem of communication with noisy feedback, after the ideal
problem of communication with noiseless feedback has been resolved. We remark that
by far we are not aware of any meaningful positive results regarding noisy feedback in
the literature. Negative results include that, in the noisy feedback case, the SK coding
scheme and its extensions leads to non-vanishing probability of error for a fixed signalling
rate, or leads to a vanishing signalling rate if the probability of error decays to zero, as

the coding length tends to infinity.

One way out may be to realize that we do not need infinite coding length; on the contrary,
due to the fast decay of probability of error, a very short coding length can be used, and
that very short coding length may correspond to small enough probability of error and
high enough signalling rate. This would require a careful comparison of the resultant
rate and performance to the feedforward case, to see if there is any improvement using

the noisy feedback, and if there is, how much improvement we can get.

Another way is to, before the channel output is processed or sent back, we quantize
it with high precision. Then the feedback link can be viewed as digital and noiseless
when transmitting the digitalized channel output. The price we need to pay is that
now the quantization error is further added to the channel output, namely the effective
channel noise becomes the Gaussian noise plus the quantization error, resulting in a new
effective non-Gaussian channel with noiseless feedback. It is known that the SK-like
schemes work for non-Gaussian noise channels, so it is possible that we obtain a constant
signalling rate with vanishing probability of error. The technical difficulty is that now the
effective channel noise is correlated with the message, channel input, and noises at other
times, which complicates the analysis. If we invoke the equivalence between information
and control, this may necessitate a study of control over noisy channels together with

quantization, a problem not investigated to the best of our knowledge.

We also conjecture that if the message arrives at the encoder in a streaming fashion,
we may have a better chance to fight against the feedback noise. This will also be
studied. We expect the noisy feedback problem to be very challenging, but any progress
in this regard may have high theoretic and practical significance. Theoretically, the noisy
feedback case bridges the noiseless feedback case (related to standard Kalman filtering)

and the pure feedfoward communication case (related to the sum-product algorithm, a
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generalization of the Kalman filtering algorithm). Practically, it leads to feasible feedback

communication solutions.

. Reducing the computation complexity in solving the optimization problem (4.11) for
Gaussian channels with memory. The optimization (4.11) has (m — 1) free parameters to
be searched (where m is the order of the channel) and is not convex. When the channel
order is not too high, it can be solvéd with affordable computation cost using MATLAB.
However, when the channel order is very high, say m = 100, directly solving (4.11) would

be very difficult, if not possible.

There are several possible ways to reduce the computation complexity for (4.11). First,
we may try model reduction for high order channels, which reduces the channel order
significantly without affecting much of the input-output behavior of this channel, and
then we can solve with lower computation complexity the feedback capacity for the
reduced-order channel. The feedback capacity for the reduced-order channel is expected
to be close enough to that for the original channel; a rigorous proof will be provided for

this statement.

Second, we may explore the properties of the optimal coding schemes for Gaussian chan-
nels with memory. In our simulations, we have observed many interesting properties.
For example, we have seen that a first-order encoder is sufficient to achieve the feedback
capacity in very high SNR and very low SNR regimes, no matter how high the channel
order is. This may be related to the fact that feedback does not improve the capacity
in very high SNR and very low SNR regimes [20], namely the channel behaves as if it is
memoryless. In many cases, we also observed that the optimal encoder dimension can
be significantly smaller than the channel order. Hence, it may be interesting to quan-
tify precisely the optimal encoder dimension, which may require a careful study of the
underline Riccati recursions. It is also interesting to study the locations of the unstable

eigenvalues in a optimal coding scheme.

Third, we may try to convexify the optimization problem (4.11). Numerous convexifying
techniques exist in the linear matrix inequalities (LMI) study. So far our efforts to con-
vexifying (4.11) has produced little progress; in fact, we have found that this problem is

equivalent to the structured static output feedback problem, which remains open (though
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there is a possibility that some structured static output feedback can be convexified). On
the other side, the problem of finite-horizon feedback capacity has been shown to be con-
vex (with O((T + 1)?) free variables, unfortunately) [124]. This implies that (4.11) is
also equivalent to an infinite-dimensional convex optimization problem; whether we can
reduce it to a finite-dimensional convex problem remains to be seen. We remark that
any progress in this regard would also have high impact on the computational methods

of controller design.

. Error exponents. In Gaussian channels with memory and feedback, the probability of
error decays doubly exponentially, and we would like to compute the optimal error ex-
ponents defined in (3.39) which determines the decay rate of probability of error. Error
exponents have been investigated in [113] for feedback communication systems; however,
how to compute them is not available in the literature. The connection between MMSE
(or CRB) and probability of error established in this thesis may be crucial. Thanks to
that connection, it is expected that the decay rate of CRB is linked to the error ex-
ponent, and solving the optimal error exponent may boil down to a finite-dimensional
optimization problem, similar to the feedback capacity problem. This is under current

investigation.

. MIMO channels with feedback. It is believed that feedback can have important advan-
tages in communication networks. With the problems of SISO Gaussian channels with
feedback and WDP-channels with feedback being resolved, we are now ready to attack
the problem of MIMO channels with feedback; note that the broadcast channels, a class
of MIMO channels, are closely related to the WDP-channels. We anticipate that the
connections among information, estimation, and control, extended properly, will play
fundamental roles in this research. Besides, it is worth noting that, though in the SISO
case, the optimal channel input does not require a feedforward term, the MIMO case
usually needs a mixture of feedback and feedforward signalling. Such a feedforward sig-
nalling may be similar to the streaming source used in anytime encoder, but it can also
be easily incorporated in a Kalman filtering framework as the process noise. Hence, the
Kalman filter based approach developed in this thesis may be found useful in studying

MIMO problems.
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5. Writing on dirty tape with feedback. In a WDT-problem, the interference is known to the
encoder causally and unknown to the decoder. This problem is much more complicated
than the WDP-problem, and in the feedforward case, both the capacity computation
problem and capacity-achieving problem remain largely open. However, this problem has
important applications in precoding, watermarking, and data hiding. We wish to study
the WDT-problem with feedback, due to its importance and the fact that it is the natural
extension of the WDP-problem with feedback. This may be related to the streaming
communication problem, because the information about the interference arrives at the

encoder causally as a stream.

6. Cooperation with limited information. We conjecture that information transmission
/processing and feedback are central to generating cooperative behavior. Without in-
formation transmission/processing or feedback, there is no cooperation or cooperative
behavior. However, in a cooperative system with multiple agents, it is not easy to sep-
arate the notions of information and control: The transmission of information can be
viewed as feedback among agents; information processing is intertwined with estimation
and detection; and the processed information is utilized for decision making and generat-
ing control commands. Therefore, it is necessary and advantageous to study information,
estimation, and control jointly in a cooperative system. We would like to see the broader

impact of our study on cooperation problems.

Our preliminary results have already shown that information exchange considerably af-
fects the cooperative behavior [75]. Roughly speaking, no cooperative behavior occurs if
the amount of information exchange is limited below some level, and cooperative behav-
ior emerges otherwise. Noise, as a measure of limited information, was introduced in our
model, in contrast to noiseless models in the literature [56]. We emphasize that the in-
troduction of noise is important for studying the interplay between information/feedback
and the cooperative behavior, since it allows us, first, to keep track of how information is
conveyed, processed, and utilized in such a system, and second, to understand how local

information exchange may be used to generate global behaviors.

Particularly, we may proceed as follows. We wish to obtain an explicit characterization

of information flow in our multiple-agent system, based on the information flow concepts
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developed in [83] or [130]. We may also generalize [75] to multiple hypothesis testing
scenario in which richer system behavior is possible; note that [75] concerns about a
binary hypothesis testing problem. The recent work on distributed hypothesis testing
in [90] has been found relevant. We will test the idea of if the convergence to the right

hypothesis has anything to do with stability of information exchange.

. Other directions. We may also pursue along other directions. For one example, we can
study the time-selective fading Gaussian channels whose channel state takes continuous
values. This would include the Rayleigh fading channels, Nakagami fading channels, and
Rician fading channels as special cases. We envision that our results in Chapter 5 extends
to this case, with probably an argument of partitioning the channel state space and a
justification of switching two limits, as was done in [47]. For another example, we may
propose an alternative dynamical programming based solution to compute the finite-
horizon feedback capacity, with the advantage over [136] that the obtained optimizing
parameters can be directly used to construct the optimal finite-horizon time-varying cod-
ing scheme. We may also attempt to confirm the stationarity conjecture in an alternative
way, preferably based on connections among information, estimation, and control. This
is of independent interest to the study of many estimation/control problems, dynamic
programming problems, and Markov decision problems; if such an alternative method
does exist, we may be able to establish that the optimal solutions in these problems are
stationary. Possible approaches are listed as follows. First, we may investigate if the dou-
ble indexed sequence CT , satisfies the uniform convergence property based on analysis of
Riccati equations; if confirmed, then we may be able to prove that lim, oo limy,—co Crin
equals the limit of C7 7, namely the asymptotic feedback capacity Co. Second, we may
try to find a solution to the associated Bellman equation, since the existence of such a
solution implies the stationarity conjecture; note that the cost function is already known
but the cost-to-go function needs to be identified. Third, noting that the dynamical
programming problem associated to this feedback capacity problem is singular, we may
study a sequence of perturb dynamical problems which are: 1) regular, 2) admit station-
ary optimal solutions, and 3) approaching the singular problem. This may also prove the
stationarity conjecture. Finally, we remark that we are currently investigating the ex-

tension of the formula linking mutual informaiton and MMSE obtained by Guo, Shamai,
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and Verdu in [51] to more general settings, as indicated in Section 4.5.
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APPENDIX A. SYSTEMS REPRESENTATIONS AND EQUIVALENCE

The concept of system representations and the equivalence between different represen-
tations are extensively used in this paper. In this subsection, we briefly introduce system

representations and the equivalence. For more thorough treatment, see e.g. [93, 9, 18].

A.1 Systems representations

Any discrete-time linear system can be represented as a linear mapping (or a linear opera-
tor) from its input space to output space; for example, we can describe a SISO linear system

as

yt = Mtut (Al)

for any t, where M; € RE+1Dx(+1) ig the matrix representation of the linear operator, uf € Rt+?
is the stacked input vector consisting of inputs from time 0 to time ¢, and y* € R¥*! is the
stacked output vector consisting of outputs from time 0 to time ¢. For a (strictly) causal SISO
LTI system, M, is a (strictly) lower-triangular Toeplitz matrix formed by the coefficients of
the impulse response. Such a system may also be described as the (reduced) transfer function,
whose inverse z-transform is the impulse response; by a (reduced) transfer function we mean
that its zeros are not at the same location of any pole.
A causal SISO LTT system can be realized in state-space as

Tir1 = Az + Bug (A.2)

Yt = Cxi+ Duy,

where z; € R! is the state, u; € R is the input, and 3 € R is the output. We call I the
dimension or the order of the realization. The state-space representation (A.2) may be denoted
as (4, B,C, D). Note that in the study of input-output relations, it is sometimes convenient

to assume that the system is relaxed or at initial rest (i.e. zero input leads to zero output),
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whereas in the study of state-space, we generally allow xy # 0, which is not at initial rest. For
MIMO systems, linear time-varying systems, etc., see [9, 18].

The state-space representation of an causal FDLTT system M(z) is not unique. We call a
realization (A, B, C, D) minimal if (A, B) is controllable and (A, C) is observable. All minimal
realizations of M(z) have the same dimension, which is the minimum dimension of all possible
realizations. All other realizations are called non-minimal.

An example
We demonstrate here how we can derive a minimal realization of a system. Consider

G7(4A,C) in (4.46) in Section 4.4, which is given by
O(4,C) = ~Gi(I - 277G1) ™, (A3)

where the state-space representations for G\} (A,C) and Z3" are illustrated in Fig. 4.8 (b) and
Fig. 4.1 (c). Since (A.3) suggests a feedback connection of G* and Z~! as shown in Fig. A.1,

we can write the state-space for G* as

( Ziy1 = AZi+ Lige
Tt = CI
§i;1 = FS + Gfi+ Losey
- ) (A4)
e = §t— Hs; — 1y
Sg,t+1 = Fsa,t + Gy
L Dt = Y+ Hsgp + 4.
Then let & := 5 — Sq,t, and we have
r ~ A~
Tp1 = ARy + Lige
7 = Ci%
! t (A.5)
S5t41 = F8;+ Lote :
[ e = y— H$;.

It is straightforward to check that this dynamics is controllable and observable, and therefore

it is a minimum realization of G*.
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Ye

Figure A.1 G* is a feedback connection of G* and Z~1.

A.2 Equivalence between representations

Definition 5. i) Two FDLTI systems represented in state-space are said to be equivalent if
they admit a common transfer function (or a common transfer function matriz) and they are
both stabilizable and detectable.

i) Fiz 0 < T < oo. Two linear mappings M; : RIT+Y) — Re(T+Y) = 1,2, both at

initial rest, are said to be T-equivalent if for any uT € RUT+D) it holds that
My r(®) = Map(u”). (A.6)

We note that i) is defined for FDLTT systems, whereas ii) is for general linear systems. 1)
implies that, the realizations of a transfer function are not necessarily equivalent. However, if
we focus on all realizations that do not “hide” any unstable modes, namely all the unstable
modes are either controllable from the input or observable from the output, they are equivalent;
the converse is also true. ii) concerns about the finite-horizon input-outpﬁt relations only. Since
the states are not specified in ii), it is not readily extended to infinite horizon: Any unstable
modes “hidden” from the input and output will grow unboundedly regardless of input and
output, which is unwanted.

Examples

As we mentioned in Section 4.2.2, for any u” and N7, Fig. 4.1 (a) and (b) generate the
same channel output §7. That is, the mappings from (u?, NT) to § for the two channels are

identical, and both are given by

§* = Zr(Z27 T + NT). (A7)
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Thus, we say the two channels are T-equivalent.

The feedback communication system (4.55), estimation system (4.54), and control system

(4.58) are T-equivalent, since for any N7, they generate the same innovations eZ.
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APPENDIX B. PROOFS OF RESULTS IN CHAPTER 4

B.1 Proof of Proposition 5: Necessary condition for optimality

In this subsection, we show that our general coding structure, in the form of (4.58), satisfies
the necessary condition for optimality as presented in Proposition 5.
Since {y:} is interchangeable with the innovations process {e:}, in the sense that they

determine each other causally and linearly, it suffices to show that Euse, = 0. Note that

Ut — ]D)Xt = DAXt_l — DLt—let—-l; (Bl)
and thus
Euie; 1 = EDAX; je;1 —DL; 1Kep 1
@ EDAX; 1 X, ,C' + EDAX;_1N;_; — DAS;_1C’ (B.2)

= DAY; 1C'4+0-DAXE, ;C' =0,

where (a) follows from (4.58) and (4.59). Similarly we can prove Euier = 0 for any 7 < t — 1.

B.2 Proof of Proposition 6: Convergence to steady-state

In this subsection, we show that system (4.58) converges to a steady-state, as given by
(4.71). To this aim, we first transform the Riccati recursion into a new coordinate system,
then show that it converges to a limit, and finally prove that the limit is the unique stabilizing
solution of the DARE. The convergence to the steady-state follows immediately from the
convergence of the Riccati recursion. '

Consider a coordinate transformation given as

A 0
A . Q)A(D—l - I:O Fjl ’ _C_ = C(D_—:l: _E..t = ®§t©17 (B3)
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where

In+1 0
d = , B4
{ s Im:| (B4)

and ¢ is the unique solution to the Sylvester equation
Fop—¢pA=-GC. (B.5)

Note that the existence and uniqueness of ¢ is guaranteed by the assumption on A that
Xi(—A) + X;(F) # 0 for any 4 and j (see Section 4.4.2).
This transformation transforms A into block-diagonal form with the unstable and stable

eigenvalues in different blocks, and transforms the initial condition ¥ to

Insa O I —¢
X, =0 o = . .
- [0 0] l_¢ ¢¢'} >

Therefore, the convergence of (4.60) with initial condition X is equivalent to the convergence

of
A%, C'CE, A

T = AN A —
41 et 2x @t@l +1

(B.7)

with initial condition ¥,. By [44], £, would converge if

ai (|0 Olog | ° 0 B.g
e([o Im}_—o[o XzzD#’ (%)

where X is a positive semi-definite matrix (whose value does not affect our result here). Since

(S o | R (vt
det — = det
0 I —-¢ ¢¢ | [0 X ¢ I— o' Xo

B.9
= det(—I)det (I — ¢¢' X2 + ¢’ X22) (B.9)
7 0,
we conclude that X, converges to a limit 3.
This limit ¥ is a positive semi-definite solution to
/ /
=AY A — AL CTooA . (B.10)

by
Soo = 82002 T Ty O+ 1
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By [57], (B.10) has a unique stabilizing solution because (A, C) is observable and A does not
have any eigenvalues on the unit circle. Therefore, X, is this unique stabilizing solution, which

can be computed from (B.10) as (see also [44])

2 0

where X, is the positive-definite solution to a reduced order DARE

A% (CH+ Ho) (C+ Hp) Xy A’

¥, =AY A - B.12
ST AR T T HgR, (C ey +1 (12
and has rank (n + 1) (cf. [44]). Thus, 3; converges to
pX; I, ¢
S = [ o= ] (B.13)
¢ ¢Zn¢

with rank (n + 1).

B.3 Proof of Lemma 3: Convergence of Cr

It suffices to prove the lemma for the colored Gaussian noise case, since the other channel
model is equivalent to this channel. We first show that the limit exist and is finite, and then
show that the limit is indeed Co.

The proof of the first claim is similar to [60]. Essentially we show that the sequence

{(T +1)Cr} is superadditive, namely for any k and !
(k+1+2)Cryi1 = (k+1)Cr + (L + 1)C, (B.14)

which would follow that
lim Cr =supCr (B.15)
T

T—o0
by Fekete’s Lemma [100]. Since supy Cr is finite (by the finiteness of Cr s, the finite-horizon
feedforward capacity, and by the uniform boundedness of Cr — Cr ¢y, cf. {17, 116]), the limit

of Cr exists and is finite.

To see the superadditivity, fix any integers k¥ and . Assume that the message w and the
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corresponding channel input u* generated by an encoding function ug(w, 1), t=0,1,--+, K,
attains Cy, where ¥ is the channel output induced by u*. Moreover, assume that the message
W and the corresponding channel input ' generated by an encoding function (1w, #*~1),

t=0,1,---,l, attains Cj, where ¢ is the channel output induced by @'. That is,

Twy®) @It o) = k10
Iwygh) =Iw—gY) =(1+10C,

(B.16)

where (a) follows from [116].

Now we consider the horizon (k 41+ 1), that is, time index ¢ runs from 0 to (k+1+41). In
the times when i = 0,1,---,k, we use w and us(w,y* ™), which generates channel output ¥
in the times when 4 = k+1,---,k+ 1+ 1, we use ¥ and %(w, " '), which generates channel

output §' (by stationarity of the colored Gaussian noise). Namely the input and output are

Uk+l+1 = [ukl,'&l']/

(B.17)
yE+HHL [yk/ ﬂll]l-
Note that since u* and ! satisfy the power constraints, U¥++1 also satisfies the power con-
straint.
Then we compute the mutual information between the message W := [w, @] and the stacked

output Y51 a5 follows, assuming that w and @ are independent.

IW;YRHHY) = B(W) — RW YR+
h(w) + (@) — h(wly, ') — h(w|w, y*, )

h(w) + (@) — W(wly®) — h(w|y") (B.18)
I(w; %) + I(w; )

(k +1)Ci + (I +1)C.

v

i

This further implies that {(T" + 1)Cr} is superadditive. Then {Cr} converges, and we denote
the limit by C.

Now we show that Cy, = C. Note first that Cx > C since C is achievable and since Cuy
is the maximum achievable rate. To be more precise, recall that for any € > 0, there exists a

sequence of (2T(CT=¢/2) T) codes with vanishing PE7 as T tends to infinity [17]. For the same
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€, we can find Tp such that for every T > T, it holds that

cnm&:%-% (B.19)

for some 0 < 01 < €/2. Therefore, there exists a sequence of (27(CH7=9) T) codes, T > Ty,
with vanishing PEr as T' tends to infinity. So C' is achievable. On the other hand, it has been

shown in [17] that, any sequence of (2757, T') codes with vanishing PE7 must have

Rr <Cr+er (B.20)
with ey > 0 decaying to zero. Since C > Cp, we have

Ry < C+er. (B.21)

Letting T go to infinity, we see that any achievable asymptotic rate R must hold R < C.

However, Cw is achievable [116], so Cs < C. Thus we complete the proof.

B.4 Proof of Proposition 8: K =0

In this section, we prove that K¢ has to be 0 to ensure the optimality in (4.85).
We first derive some properties of the communication system using the stationary GM

inputs and the steady-state Kalman filtering. The system dynamics is given by

(

g = d3:+ &
Sty1 = Fsi+Guy
Yt = Hst+ Nt +u
Sopp1 = St—8ay (B.22)
Ssp+41 = F351+ Lgey
et = y—Hs=H+d)8sp+E+ Ny
[ 3st41 = F354+ Gup — Lsey,

where 3,0 = 0 and 3,0 = 0. As before, the Kalman filter innovations {e;} will play an
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important role. The innovations process is white with variance asymptotically equal to
K.=1+Ke¢+ (H+d)Ss(H +d), (B.23)

where X := E3§,5,. Following the same derivation for Proposition 7, we know that the asymp-

totic information rate is given by
1
I(&y) = 5 log K, (B.24)

which is consistent with the result in [136].
We now invoke the equivalence between the colored Gaussian channel and the ISI channel

F, that is, instead of generating y by (B.22), we generate y by

Ut = w+Z
Sct+1 = Fscr+ Gy (B.25)
Yt = Hsci+ i,

where s = 0. Since ZT = ZyNT | the mapping from (u, N) to y here is equivalent to that in

(B.22). Therefore, (B.22) becomes

(

U = d'§:+ &
Yt = ut+ 2
Sepr1 = Fser+ Gij
4 Yt = Hsct+ 0t (B.26)
85001 = F3s1+ Lsey
et = y—HSsy=(H+d)ss1+ &+ Ny
L Sst+1 = F3854+ Gug — Lgey,

where 5,9 = 0; see Fig. B.1 for the block diagram.

Our analysis of this system is facilitated by considering transfer functions. Note that

7767.@ = S
INe = TZ,

(B.27)
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N
& ut é |__|_1 Yt L.

Tye
€t

Figure B.1 Block diagram for the communication system using the GM
inputs and Kalman filtering, where s.; is the state for Z71
with sco = 0, and 3 is the state for system (F, Ls, H,0) with
§3’0 = 0.

where S is the sensitivity, and T := S — 1 is the complimentary sensitivity. (The sensitivity S

here should not be confused with the sensitivity in Section 4.5.1.) Then we have

u = SE+TZN
j = S(E+ZN).

(B.28)

Now assume that d and Kg form the optimal solution to (4.85), where K¢ # 0, for contra-
diction purpose. We can then compute the corresponding optimal ¥, L, S, T, etc. Fix the
optimal Ls, S, and T. We will show that this leads to: 1) The whiteness of {§:}; 2) Ls = G;
3) K¢ = 0 and hence contradiction.

1) For fixed optimal values of L,, S, and T, suppose that we can have the freedom of
choosing the power spectrum of € in (B.26). Since we have assumed the optimality of a white
process {&;}, it must hold that any correlated process {£.+} does not lead to a larger mutual
information than {&£;} does. Precisely, assume a stationary correlated process {€.:} replaces
the white process {&:} in (B.26). Then {&:} yields the maximum achievable rate over all
possible {&.}, i.e., it solves

max I(&E;9).
Ls,S,T fixed,S¢, (e327f) (&) (B.29)

s.t. Bu2<p
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Since

I(&e; ) = h(y) — h(GIE) = h(F) — h(SZN) (B.30)

and h(SZN) is fixed for fixed S, the above optimization is equivalent to

- 1
1 /2 ;
- 1 _(J2m0 .
sgcm(e%gsrs)Q /_% 0 Sy(¢”")db

) ‘ ' ' . (B.31)
s.t. Bu?= fj% Ss(e7%70)Se,, (e7279) +Sp(e9279) Sz (e7279)dO<P

However, this optimization problem is equivalent to solving, for some P; > 0,

1
max l/2 log (Sg(eﬂ’re)Sgc(ejzﬂg) —I—Ss(ejQ"B)Sz(ejZW)) dg,
Sec(e7e)2 )4 (B.32)

1
s.t. [2) Sg(e?70)S¢, (e7270)do<P;
-2

which we identify as a new forward communication problem, see Fig. B.2. In this problem, we
want to tune the power spectrum of S&,, the effective channel input, to get the maximum rate.
The optimal solution is given by waterfilling, namely, the power spectrum Ss(e/?™)Sg, (e7279)
needs to waterfill the power spectrum Ss(e/?™%)Sz(e7%). By optimality of {&;}, KeSg(e/?™)

is the waterfilling solution.

SZN

N

S&¢

>0 >

Figure B.2 An equivalent forward communication channel. Here S&; is the
effective input, SZN is the effective channel noise, and § is the
output.

Since Ss(e/2"%) = 0 for some @ if and only if S(z) has a zero for that § on the unit circle,
and since S(z) is a finite dimension transfer function with a finite number of zeros, the power
spectrum Sg(e’ 270} cannot have zero amplitude at any interval. This follows that the support
of the channel input spectrum KgSs(e/?™) is [-1/2,1/2].

In waterfilling, if the support of input spectrum is [—1/2,1/2], then the output spectrum

must be flat. This is easily proven by contradiction. Thus, {§:} is a white process. Let us
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assume that its variance is o2.

2) Note that both § and e have white spectrum, which imposes condition on the choice of
L,. The transfer function 7 is illustrated in Fig. B.3, where we can see that its structure is a
Kalman filter structure. To make e white, it is necessary to choose L to be the Kalman filter

gain (cf. [57]), given by
_ FSH' +0%G

Lyi=———r .
S YT (B-33)

where Y. is the estimation error covariance matrix and is a nonnegative solution to the DARE

FY H + 0*G)(FE H + o?G)

E :FZ / 2 /_(
c '+ 0°GGE HS.H 1 o2

(B.34)

Clearly, ¥, = 0 is a solution to the DARE. By [57], it is also the unique nonnegative solution.

Hence, we need to choose Lg := G.

yt

Figure B.3 The state-space representation of the transfer function Tye.

3) The fact that Ly = G leads to reduction of system (B.26) or equivalently (B.22). We

have

5141 = (F—GH)§ -GN
S = (F—GH)S(F— GHY + GG

(B.35)

In the case that (F — GH) is unstable, the closed-loop of (B.26) is unstable and cannot
transmit information. In the case that (F'—GH) is stable, the steady-state of £ depends only
on (F,G, H) and is independent of the choice of d and K¢, and thus (4.85) becomes

1

—log(1+ K¢ + (H +d)Z:(H + d')).

max
5, fixed,deR™ KgeR2 (B.36)
s.t. P=d'Syd+Ke

Coo =
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This is equivalent to

max H.d,
deR™ KgeR (B.37)

5.t d'S,d<P—Kg

which requires K¢ = 0.

B.5 Proof of Proposition 9: Finite dimensionality of the optimal scheme

i) To show that Cu n is non-decreasing as n increases, note that, an encoder (A4,C) of

dimension (n + 1) can be arbitrarily approximated by a sequence of encoders {(A4;,C;)} of

() e

and therefore the supremum in (4.87) with encoder dimension (n + 2) is no smaller than the

dimension (n + 2) in the form of

supreme with encoder dimension (n + 1). So C 5, is increasing in n.
ii) By proposition 7 and the definition for Coo ;n—1(P), the optimization problem for solving
Coo,m—1(P) is given by
1 '
Coom-1(P) = sup 3 log(CXC' +1)
AeRmXxXm O
5.t.S=ADA/—ARC/(CZC/+1)~1CZA’ (B.39)

DED =P

To compare it with Coo(P), we rewrite (4.85) and (4.86) in another form, incorporating K¢ = 0.

Define
_ F+Gd |0
A =
Gd’ F
C = |d H
~ [ ] (B.40)
D = [d 0]
5. Xs | Xs



154

It is then straightforward to verify that

1 1 e
3 log(l+ (H +d)Zs(H+d)) = 5 log(1 + CxC)
d'Syd = DED (B.AL)

ASA — AEC/(CEC' +1)7ICEN = 3,
which yields that

Co(P) = sup L log(1 + CZC)
deR™ 2
(B.42)

DED' =P

Comparing (B.42) with (B.39), we conclude that Ceom—1(P) > Co(P). However, since for
each (A, C), the channel input sequence is stationary by the steady-state characterization of

the general coding structure, it holds that Cogm—1(P) < Coo(P). Therefore, we have
Coo,m-1(P) = Coo(P)- (B.43)
Then ii) follows from i) immediately.

B.6 Proof of Proposition 10: Achieving C in the information sense

By Proposition 9, the optimization problem for solving Poo(R) in (4.8) (which is equivalent
to solving Coo(P)) can be reformulated as .
[AoPt, Covt momt] . arg  inf DI,
AgRmXxm (¢
5.t S=AZA'—AZC/(CEC'+1)~1CEA/ (B.44)

log DI{A)=R
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for any desired rate R. Without loss of generality, we may assume that (A4,C) is in the

observable canonical form, i.e.

A= Onxl In
an, an—-1°° 01 (B.45)
C:= l: 1 len ] '

Observe that det A = ap,. Thus, DI(A) = | det A| = |an| if A does not contain stable eigenval-
ues, and DI(A) > |det A| = |an| otherwise.

As a consequence, if we search over A with a, fixed to be 2% or —2%, we actually enforce
DI(A) > 2%, However, the optimal solution must satisfy DI(A*) = 2%, since otherwise the
system has a rate equal t0 Regm—1 = log DI(A°") > R, which would require more power
than the case that Ry m—1 = R; notice that (B.44) is a power minimization problem. To
summarize, we can remove the constraint log DI(A) = R by letting a, = £2% in (B.45), and
the optimal solution A does not contain stable eigenvalues. Furthermore, note that unit-circle
eigenvalues do not generate any rate or power and hence can be removed. Thus, if A% has
(n*+1) unstable eigenvalues, we can solve the optimization problem with A having size (n*+1)

and the obtained optimal solution still achieves Cu.

B.7 Proof of Proposition 11: Optimality in the analog transmission

The end-to-end distortion is given by

MSE(Wy) = E(W - Wy)(W - W)
= E(zo — £o,.)(zo — Zozt)’
= E(A ™"y — AT 8 ) (AT ey — ATV R ) (B.46)
= BA 5, AL

= AN AT

where

Sty o= [I,0]Seq1 [, 0] (B.47)
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and the expectation is w.r.t. the randomness in W and W;. By rate-distortion theory, the

above distortion needs an asymptotic rate R satisfying

R > lim log . %
t—oo 2(t4+1) " det JVIZSIZ(W})
1 det A%+
; . (B.48)
thoo 2(E+ 1) det Yig,t4+1
= log|det A

From Proposition 10, we know that log|det A*| equals Co and the average channel input
power equals P. Because Cy, is the supremum of asymptotic rate, it follows that the equality

in (B.48) is achieved. Then we see that the proposition holds.

B.8 Proof of Proposition 12: Optimality in digital transmission

It is sufficient to show that R n(A4,C) is achievable for any fixed (A4, C). To show this,
for the fixed (A,C), construct the scheme in Fig. 4.2 and use G}, the Kalman-filter based
optimal receiver. The closed-loop (4.58) is stabilized and will converge to its steady-state for
large enough T'.

We can then directly verify that Theorems 4.3 and 4.6 in [28] are applicable to the (steady-
state) LTI system. These theorems assert that, if the closed-loop system is stabilized, then we
can construct a sequence of codes to reliably (in the sense of vanishing probability of error)
transmit the initial conditions associated with the open-loop unstable eigenvalues of A (denoted

ag, - -+, ak, if any), at a rate

R:= (1 €)Roon(4,C) (B.49)

for any € > 0, and in the meantime, Po (A, C) < P holds. Therefore, we conclude that, for
any (A, C), the portion of W that is associated with the unstable eigenvalues of A is transmitted
reliably from the transmitter to the receiver at rate arbitrarily close to Roon(A,C). Moreover,
we notice that we can achieve Coop by a sequence of purely unstable (4,C) (i.e. k = n),
in which the initial condition W is the message being transmitted. This follows that W is

transmitted at the capacity rate.
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In addition, [28] showed that for any choice of xo, it holds that
n 0_:2—_,6
PEp=1- z1_"[0 (1 —20Q <—2——>> , (B.50)

where or; is the square root of the ith eigenvalue of MSE(Zo 7), and

MSE(Zor) = E(zo— Zo1)(z0 — Zor)’

— A—T_lzx’T_HA’_T_l. (B'51)

Note that the expectation is w.r.t. the randomness in &7 only, different from (B.46), and
that asymptotically ¥4 and hence X, 711 are independent on the choice of zg.

It then holds for each 1,

(UT,z')2 < AmaX(MSE(jO,T))
= )\max(44_T-'l>:$,T+1AI_T‘1)
(i) )\max(Al—T—lA—T—lzm’T+1)
(b) (B.52)
S 5’(A’_T—1A_T_12m,T+l)
© —T—1 p-T—=1\=
< (A ATD5(2 741)

(5(A'A4) ™ 3(Sa )

where Amax (M) denotes the maximum eigenvalue of M, (M) denotes the maximum singular
value of M, (a) follows from A(AB) = A(BA), (b) follows from |A(4)] < 7(A), and (c) is
because the maximum singular value is an induced norm. Since X; 741 converges to steady-
state value exponentially, the above implies that, for T" large enough, each o7; decays to zero
exponentially as 7" increases.

Now using the union bound and the Chernoft bound, we have
n O_E;G
< £t
e s ;;0262( 2 ) (B.53)
< 3o (- |
i Vamor; 8

and hence PE7 decreases to zero doubly exponentially since € > 0 and o7; decays exponen-

tially. Thus we prove the proposition.
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B.9 Numerical examples for optimal power computation

We list some of the numerical results of the optimal power computation for finite-impulse
response (FIR) and infinite-impulse response (IIR) channels in Table B.1. Note that, Row
2 and Row 4 are first~order and second-order minimum-phase channels, and we observe that
one unstable pole is enough for us to achieve the capacity. Row 3, Row 5, and Row 6 are
a first-order non-minimum-phase channel, a second-order non-minimum-phase channel, and
a third-order minimum-phase channel, respectively. Capacity of higher dimensional channels

can also be computed with rather low complexity. For example, for a sixth-order channel with

1405271 —-04272+03272+0.827%+0.1275 - 0.2275

z 1=
1—0.82714+0.6272 — 0.4273 — 0.2274 — 0.127° 4+ 0.32~6’

(B.54)

we can compute that P, = 0.6003,0.3830,0.3781,0.3781,0.3781 for n = 2, 3,4, 5, 6, respec-
tively, to achieve transmission rate R = 1 bit/channel use. Note that n = 6 corresponds to the

capacity power. It takes less than 30 seconds to complete the computation for n = 6 case.

Table B.1 Capacity power for channels with transmission rate R = 1
bit/channel use

t
channel F n=1|n=2|n=3 | capacity wa. e
filling
— % 1.92 1.92 1.92 1.92 2.667
-2 0.75 | 0.667 | 0.667 0.667 0.667

1+4 +5 | 1.586 | 1.586 | 1.586 | 1.586 2.51
1+ — 55 | 0853 | 0.276 | 0.276 | 0.276 0.33
O oty | 2745 | 0.745 [ 0745 | 0743 | 1.4689
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APPENDIX C. PROOFS OF RESULTS IN CHAPTER 5

C.1 Proof of C' =loga

Assume without loss of generality that S; = s[j] and S;41 = si], both drawn from the stationary

distribution of {S;}. Then it holds that

1
C = §Est,s¢+110g (1 + (Ser1)*¥(S)

_ _ZZ ilgi; log (14 (Se41)?7(Se))

i=1 j=1

- % > " xlilgi; log (1+ sli)*y(s[4]))

i=1 j=1

(Z [i]qi; log a(s[i], s[j]))

Jj=1

3

I
NgE

i=1

= Z log a(s[é])
i=1

= loga

C.2 Proof of Lemma 4: Stability of the closed-loop system

i) The dynamics of a:,Ej) without external input is :vg_)l = a(St_l,St)‘lx,gj) if S;—1 = slj], or

29, =z otherwise. So we have
2, = 40

and hence ®; is the state transition matrix for (5.8).

By (5.4), on Qryp, n(j,t) grows approximately as (¢ + 1)n[j] for ¢ large enough, then as ¢ goes
to infinity, n(j,t) goes to infinity. Since 0 < a(S¢—1,5;)7! < 1, ¢§j ) goes to zero on Qryp and ¢§j ) is
bounded between 0 and 1 on .

ii) Conditioned on S} and zg, we obtain that

Bz} = ¢ af’ (C.1)
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and hence E:z:,(:j ) converges to zero on ryp. The boundedness of Ex
§" ) and zy) when j # l. To show this, notice that, conditioned

§j ) on © for each ¢ follows from i).
iii) We first show the independence of z
on zg and {S;}, both xij ) and xgl) are Gaussian. Then it is only needed to show they are uncorrelated,

namely

E.'L‘gj)xgl) = Exij)E:ct(l). (C.2)

If t = 0, obviously (C.2) holds. Suppose that (C.2) holds for some ¢, then for ¢ + 1,

(%) G(St_l, St)—lx,(:i) - b(St_l, St)Nt if St——l = S[’L]
141 = () (0‘3)
z;" otherwise.
So
Emgﬂ)xy) if St—l 7é S[j] and St_l ?é S[Z]
Ezisly = { Bla(Si-1,8) 2 — b(Si-1, SN ]zl if S;_1 = s[j]
Ez(P[a(S;-1,S¢) " af) = b(Si-1, S) V] if Sp-1 = sl
= a(Si-1,8:) 1EzP 2z
= E.'z,‘gi)lExﬁi)_l
(C.4)

Thus, (C.2) holds for any ¢t € N.

(@

iil) By the independence of z,”’ and mgl)

when j # 1, &, is a diagonal matrix. If S;_1 = s[j] then

E(mg-)l)z = a(St—laSt)—zE(ng))z+b(St—1aSt)2
a—~2E($§j))2 +b2,

IA

where a := min;; a(s[j], s[]) and b := max;; |b(s[j], s[l])]; or if S;_1 # s[j] then
B(e})’ = B(a)”

Since 0 < a < 1, for any ¢,

1 — a-—2T

E(:cgj))z < a—2T(x(()j))2 + _i__:a___2_b2 (C.5)

for some T (dependent on ¢ and {S;}). Since E(z{”)2 > b? where b := min; [b(s[5], [])| > 0, E(z{"’)? is
bounded both from above and from below by some positive constants for all ¢; note that the constants
can be chosen independently on %, o, and {S;}. Notice that 5 = E(z)2 — (Ez®)? is strictly
positive since the randomness in the noise enters the system. Then, because IE(L‘)EJ )| decreases to zero

monotonically, Eij ) is uniformly bounded from above and from below by positive constants for any zo,
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{St}, and t.

C.3 Proof of Proposition 14: Doubly exponential decay of error

probability
Fix any {S:} € Qryp. Recall that
PELEFJ])S Q71+ Qrp2, (C.8)
where (J7,1 satisfies
Qr1<Q ( ¢f PGTHTHD (3-1) (nll-25T) 4 (3)"5(9)) , (C.7)
2/, V=2

and Q2 satisfies a similar inequality. Let

(J) ~n(GD)[1+ (2 -1) (FFEAL -1)] () 4@
=(T+1) (——l>( - (]’T))Hoga{ + 2070 DI Nafof }

T 2%,

(C.8)

Then
Qr1=@Q (Ot"(j’T)+6T) ) (C.9)

Since n(j,T) /(T + 1) converges to w[j] when T' goes to infinity, we have that ér/(T + 1) vanishes when

T goes to infinity. That is,
Qra <Q (a"(j’T)+o(T+1)) . (C.10)

The Chernoff bound of the Q-function (cf. [59]) says that

Q) < \/—T exp(——Tz) = exp [—— (% + log(27rT2))J

Then

1 : ,
Qri < exp {__2_ [a%(J,T)+0(T)+ log(zmzma,nJro(TH))]}

1 Y1 o(T+1) _ ,=2n(i,T) 205, T)+o(T+1)
= exp {_§(a2)n(],T)+2 log,, [a a log(2ra )]

= exp <—%(a2)7FUJ(T+1)+o(T+1)> .
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Similarly,
() (9) 1 (5)
QT2 o Q ( 0. 5§ . Ty ¢T ) < exp (_l(aZ)w[j](T+1)+o(T+l)> ,
N S RNE T AN
and hence,
PE’EJI)S < 2exp < ;(a%m)(T"'l)""’(T"'l)) . (C.11)

To get the (asymptotic) decay exponent of PE:S?!)S, noticing that for 7" large enough, the Chernoff

bound becomes tight, we can derive (following the steps similar to above) that

Jim 7 log(log( =) = ;gnw—zgd(j,z,nlog<a<sm,s[11>>
= 2eZ st log(a(s(7], s{1)
= 2610ga[j].

It can be also shown that

1i
Tl—Irréo T

log(log Q )) = 2elogalj].
It is easily seen that

1

1
. l — 3 .
Thm T log( Og(exp(—aT) pevny ) )) = min(log a, log b) (C.12)

for a,b > 0. (That is, the “average” decay exponent of (exp(—a”)+exp(—bT)) is the smaller decay expo-
nent for exp(—a”) and exp(—bT).) Then (5.61) follows from (C.12). Finally, notice that asymptotically
PErs =35, PE;JI?S, then (5.62) follows from (C.12).

C.4 Proof of Proposition 15: Power computation
We study the recursion for E(xt(j))z. Assume S;_s = s[j] and S;—; = s[l], by (5.15),
B = a(sls], sl E(@)? + b(sli), s[1])?

©) ool sl ?B@) + alsli] o) >(s]) PSP
= a(sl), s 2 (EP)? + (sl 2s[112),
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where (a) follows from (5.12). Subtracting both sides by ~(s[j]), we obtain

E(w() —y(slil) = a(slsl, sll) 72 (E()? +(sli)?slU? — alsls], st *¥(sli]))
= a(sls],sll) % (Bh)? = 2(s1a)))

and thus
E(o{")? — y(sli]) = (#1)? (B§)? - v(sl1])) - (C.13)

It follows from Lemma 4 that E(xgj ) )2 — (s[4]) tends to zero with probability one, and hence E(acgJ ))2
tends to (s[j]) with probability one. By the Cesaro mean, the time average of E(ng) )2, denoted
E(z%))2, tends to 7(s[4]) with probability one.

Since the channel input u is the multiplexing of :cgj ) , the power of u is the power of zgj ) averaged
over j, therefore with probability one
m o
Eu? = Z?T[’L']E(.’lt(z))z. (C.14)
i=1

So, (5.63) holds with probability one. In other words, the average channel input power is y(s[j]) for
any sequence {S;} € Qryp. On Q% p, the power of zEj ) is uniformly bounded by Lemma 4, and so is
the power of u, which does not contribute to the average channel input power. Thus, the average power

of u is as shown in (5.63), with the average taken over all {S;}, zo, noise, and time.

C.5 Proofs for the modified cases

C.5.1 When Al) is not assumed

In this case, there exists some states that are assigned with zero power. Suppose s[J] is the only
such state; for cases with more than one such states, the same idea applies. We now have a(s[i],[J]) = 1
and a[J] = 1. Then the Jth subsystem needs some modifications, as listed below. For the encoding,
let xé‘j) = 0 and make it known to the receiver. That is, the Jth subsystem is not used to transmit
any message. It leads to zero signalling rate, zero transmission power, and zero probability of error
associated with this subsystem. We then see that in this situation, our scheme behaves exactly as the
capacity solution formula suggests. Therefore, it can be easily verified that the capacity is achieved:
Simply note that 1) In Lemma 4, (5.34) holds for any j # J; 2) C' = 377, loga(sli]) = 3, .y log a(s[i]);
and 3) Eu? = 3,7 w[i]B(z?)? = 37, w[i|E(z®)2.



164

C.5.2 When A2) is not assumed

In this case there is some i with s[i] = 0. Then a(s[j],[{]) = 1, but a[j] > 1 still holds for each j
with y(s[]) # 0. To see this, assume otherwise for J, a[J] = 1 but y(s[J]) > 0. By (5.22) and (5.11),
this would yield that, for each [ =1,---,m, it must hold either i) s{l] = 0 or ii) n[J]p;; = 0. However,
ii) is equivalent to ps; = 0 since w[J] > 0. Hence, for each { such that s[l] # 0, ps; has to be 0; i.e., the
probability of s[J] jumping to any nonzero state is zero. In other words, s[J] must jump to s[J] with
probability one, which according to [125] would imply that v(s[J]) = 0, a contradiction. So a[j] > 1
holds as long as v(s[j]) # 0.

Then we see that Lemma 4 still holds, but another ingredient is needed in its proof. In showing ¢§j )
converges to zero with probability one, note that a(S;—1,5;) is either less than 1 (i.e. “contractive”)
or equal to 1, and if for some {S;}, ¢£j ) does not converge to zero, each such sequence {S;} must have
finite many “contractions” and thus form a zero-probability set. Then Lemma 1 as well as the main

results hold.

C.6 Proof for the case of AWGN i.i.d. fading with infinite state

. Denote the density of the random variable A := +/PS?+1 as pa, where § ~ pgs. Pick any € > 0

small enough. Uniformly partition the unit interval [——%, 3] into | My sub-intervals, where
Mr :=exp[(T + 1)(1 — €)Eanp, log A]. (C.15)

Then the asymptotic signalling rate is

. log M1 logér
RN T TTH1
—  m (T+1)(1~e)Egnp, log A
T—00 T+1
= (1-€Eanp,logA

1
:(Lfm&m?%u+§m
= (1 = €)Ciid,ing»

R =

(C.16)

where & := Mr/|M7]. Following the idea in the finite state-space case, to show the reliable commu-
nication with rate R, it suffices to show that the associated control system is stabilized in the sense
of bounded and vanishing first moment Ezr and bounded second moment E(zr — Ez7)?, for every
typical sequence. However, the stability of the control system can be easily proven; here for brevity we

only show that Exy is bounded and vanishing. To this aim, note that

XTp = A(ST_l)_lmT_l — b(ST—-l)NT—l- ‘ (017)
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The first moment evolves according to
Ezr = A(ST_l)—lELL'T_l (018)

when conditioned on the channel state sequence and initial condition, and hence

T
Ezr = [ A(Sj-1) " =o. (C.19)
=0
It is then clear that Exzr is bounded for any channel state sequence and vanishes for any typical channel
state sequences. Finally, the power computation can be done as before. Thus we prove the optimality

of the proposed scheme.

C.7 Multi-step delay case

‘We now briefly present the capacity-achieving feedback communication scheme for the general multi-
step delay case, that is, there are d > 1 steps of delay between the receiver sending a signal and the

transmitter receiving it. We also outline the main idea for the proof.

C.7.1 Communication setup

The communication setup to be used for information transmission analysis is shown in Fig. C.1.

Let us assume that

2o = [Ty, Z], -, 1) € RI™ (C.20)

is the message to be encoded at the transmitter and to be recovered at the receiver, where
Ty = [z, 22, ... ™) e R (C.21)

forn=0,1,---,d — 1. We store zo in the z~¢I,, block of the transmitter according to Fig. C.2, that
is, 2o is the initial state of the z—%I, block of the transmitter. The z~¢I,, block at the receiver is
initialized by zeros.

The signal —&, 114 is the estimate of z,, at time ¢, for n = 0,1,---,d — 1. Note that the channel
state S;_g is used at the transmitter side to generate the channel input w;, and used at the receiver
side at time (¢ — d), which is consistent with the assumption of d-step-delayed DTRCSI. The operation
of the communication setup starting from ¢ = 0 is similar to the d = 1 case (details skipped). We
use A(S;) = In, ¢(S;) := [1,0,---,0), and v; := 0, if j < 0. We may also draw the extended
communication setup where the feedback signal has bounded power, and it can be verified that the

extended communication setup is an extension of the SK scheme. For this proposed scheme, the notions
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2=
Vt—d Ve

Figure C.1 The communication setup for multi-step delay case.

of the transmission rate, error probability, etc., can be generalized from the d = 1 case easily and are

skipped here.

C.7.2 Control setup

Letting
Ty = jft + fﬁt, (022)

we obtain the control setup, see Fig. C.3. The control setup is useful for stability analysis and power
computation as before, and it operates in a fashion that there are d subsystems with no interaction

between them, which allows us to achieve the capacity by applying the techniques of the d =1 case.

C.7.3 Choice of parameters

Let «y{(-) be the capacity-achieving power allocation that maps the channel state S; to the channel

input power (S;) and such that the average channel input power constraint holds.



167

the =4I, block

1 Tg-1 1 Tg—-2 1 ) 1 X9
z L, 2z L, - 274 27 I,

Figure C.2 Initialization of the transmitter memory.

N, M
U rL Ut
A &
|=
Ty Teyd
1 T(Si-a) 27Uy ! L(S)

A(S:)

Figure C.3 The control setup for the multi-step delay case.

Supposing at time (¢ — d) the channel state S;—q = s[i] for some 4, we define

A(Sy) = A(Si-4,5:) = diag(a(St)) € Rmxm
L(S;) :=L(St=a,S:) :=10,---,0,b(5:),0,---,0] e R™ (C.23)
C(St._.d) = [0, Ty, 0, C(St_.d), 0, v ,0], € Rm,

where a(S;) := a(S;—q,S:) € R™ is such that its i-th element is

a(Sy) := a(Ss—a, St) := v/7(Ss—a)(St)2 + 1 (C.24)
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and all other elements are 1; b(S;), the i-th element of L(S;), is

¥(St—a)St 1
b(St) := b(St—q,St) == — = — a(Si_q, 5t); C.25
(50 1= W80, 80) = = e G T alea sy e (C.25)
and ¢(S;—q), the i-th element of ¢(S;—q), is
c(Si—q) =1. (C.26)

Whenever S;, t <0, is encountered, it is treated as s[1].

C.7.4 Achieving the capacity

We sketch the main idea of the proof for the d-step delay case. The proposed scheme can be
viewed as a multiplexing scheme that multiplexes d feedback communication systems, each has only
one feedback delay. In more detail, it holds that, both the communication setup and the control setup
can be equivalently treated as d separate subsystems, where each subsystem is activated only once in
every d steps and remains its previous states in the other {(d — 1) steps, and at each time, only one
subsystem is activated. Therefore, we can view each subsystem has only “one cumulative delay” of
length d, during which this subsystem updates only once; note this is different from d delays during
which the subsystem may update d times. Since the n-th subsystem outputs an updated estimate
£,,1 every d steps, the achievable rate for such a subsystem is log(|a|)/d, which follows that the total
achievable rate is still log(|@|). For the power computation, we notice that each subsystem uses power

‘P but they occupy disjoint time slots, and hence the total average power is P.
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APPENDIX D. PROOFS OF RESULTS IN CHAPTER 6

D.1 Proof of Theorem 4: Optimality of the coding scheme for AWGN

channels

In this section, we prove the optimality of the proposed coding scheme for the AWGN WDP-
channel. To establish lossless interference cancelation, we need to show that, both the decoded message
Wr and the (asymptotic) average channel input power are not affected by the interference sequence. Tt
is therefore suflicient to prove that both the decoder state &g 7 and the channel input u; are decoupled
(or asymptotically decoupled) from the interference sequence. Then the theorem would follow from
standard results of feedback communication over an AWGN channel without interference.

We derive the expressions for u; and Zo:. We can express the encoder state in terms of the initial

condition, interference, and channel outputs as

t—1

oy = a' (W + Wy) + o Z a™ITL(& — yj)- (D-1)
=0
Hence
-1 =1
Z a I Ly; =W+ Wy —a 'z + Z oL (D.2)
§=0 §=0

On the other hand, noticing that y; = u; + & + N;, the encoder state is also

= ari—1+ L(§—1 — w1 — -1 — Ng—1)
= (a~Lc)zy—q —~ LNy

= a_lxt_l - LNt-—l (D3)
t—1
= a7 {(W+Wn)— > a LN

J=0
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Then the decoder state is

t—1
. —j—1
To,t—1 = E a 77 Ly;
—

t—1

= W+ Wy —atz:+ Z a_j"lLﬁj (D4)
j=0
’ e =1

= (Q-a )W +Wu)+a 2 aLN; + ) a1

4=0 J=0
Therefore, by (6.7), we have
; Tr
gor=1—a W 4072 "IN, (D.5)
j=0

and thus the interference does not affect the decoder state at time T and the decoded message Wr.
Now note that 1
up = czy = a (W + W) — > o LN (D.6)
7=0

That is, the presence of interference incurs an extra power overhead of a~*WZ,, which vanishes expo-
nentially and is negligible, since the power due to the term Z;;(l) a~ I N; approaches a nonzero
constant and the coding length (T + 1) is sufficiently large. In summary, the interference does not
affect either the decoded message or the asymptotic channel input power. This indeed leads to lossless

interference canceling.

D.2 Proof of Theorem 5: Optimality of the coding scheme for Gaussian

channels

In this section, we prove the optimality of the proposed coding scheme for general Gaussian WDP-
channel. Similar to the AWGN case, the interference £ does not affect z; and hence the channel input
u asymptotically. In addition, the term in Zo r associated with £ is known to the encoder before the
transmission, and therefore the encoder can offset zy to completely cancel the term associated with £.
To facilitate our analysis, we rewrite the communication system as a control system and then establish
the above claims.

We first define for the coding scheme shown in Fig. 6.5 that

St = 8§t — 5t
Tt (D.7)

St
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Then the dynamics of the encoder becomes

Xy = AyX; 1 —-LNy_1=AX;_1 — Leg1
er-1 = CXgo1+ N (D.8)
Ut = DX,

where Ag := A — LC. Note that (D.8) is a control system (as indicated in Fig. 6.5), and is affected by
the interference only through its initial condition Xg. We now have

t—1 ‘

X, =ALXo — > ALITILN;. (D.9)

=0
By us = CX,, any L stabilizing the control system ensures that, the channel input power is asymptot-
ically equal to E;;%, AL _ILL’Ail_j ~U independent of the interference. We can also verify that the
term in £o 7 generated by xg is asymptotically zo.

In addition, the interference would generate an extra term in &g given by

T T gzl
S AL 3 S T ATILE(F — LoH) Y Lo, (D-10)
§=0 3=0 i=0

if no compensation to the initial condition zg is used. Then we offset o by this amount and therefore we
achieve (asymptotic) lossless cancelation of the interference. The proof for the coding scheme achieving

Coo(P) follows from the reasoning in Chapter 4.
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